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Preface 
 

Central to this book are two ideas. The first is that Fluid Mechanics is relevant to a 
wide variety of problems that are priorities in the early 21st century, three of which are 
health, the environment, and energy. The second idea is that researchers in this field 
are applying novel methods to address these problems. Even on its most basic level, 
Fluid Mechanics is challenging. Only in limited cases, for example, can the 
nonlinearities of the Navier-Stokes equations be ignored. With the addition of energy 
and mass transport, multiphase flows, and moving boundaries, as are present in 
practical applications, the complexity becomes magnified. Each chapter of this book 
presents an interesting approach to this complexity. 

The book begins with a review of three-dimensional Particle Image Velocimetry (PIV). 
PIV has become a standard technique over recent decades, and is useful for studies in 
which an optically clear fluid can be seeded with small, neutrally buoyant particles. 
Applications have included shipping and aircraft design, and simulation of 
cardiovascular flow dynamics. Stereo PIV is a more recent extension that requires 
additional care in establishing the flow, selecting the equipment, aligning the optics, 
calibrating the images, and choosing appropriate data analysis methods. The 
information in this first chapter is expected to be a practical guide to anyone who is 
interested in using this method or in purchasing the equipment necessary to do so.  

The second chapter of the book demonstrates both the power of fluid dynamic 
analysis and its inherent complexity, even when the flow geometry is relatively 
simple. The problem under consideration is important to design of engines and 
becomes increasingly complicated when the incompressibility, heat generation, and 
mass flux are included.  

The third and fourth sections of the book include, respectively, studies for which the 
analysis is a modification of a traditional fluid mechanical approach and studies for 
which the approach is non-traditional. The division is admittedly subjective in that 
some of the traditional approaches have decidedly non-traditional elements. 

The first application in Section 3, bone healing, may be surprising as a fluid mechanics 
topic. One generally thinks of bone as a solid material, but much of the bone content is 
fluid. Fluid mechanics therefore plays an important role in the analysis, and the results 
depend on the choice of the constitutive equation.  



X Preface 
 

The chapter “Dynamically Incompressible Flow” illustrates the need to carefully 
account for mathematical terms of small magnitude. In particular, the divergence of 
velocity, which is negligible in the continuity and momentum equations, becomes 
important in the energy equation when multiplied by a large pressure. The chapter 
also describes conditions in which dynamically incompressible flow becomes invalid, 
and discusses these issues in the context of catalytic exhaust aftertreatment. 

The next chapter describes how a conventional model of ocean-atmosphere interaction 
can be modified to include the free convection within the air and the swell of the 
ocean. These effects become particularly important for low wind velocities, where the 
standard Charnock wind stress formula leads to a singularity. The article should be of 
particular interest to readers who are familiar with standard turbulence modeling, and 
it is important to weather modeling. 

In the fourth chapter of this section, the authors present a modification of the Crank-
Nicholson scheme for two-dimensional fluid mechanical, heat and mass transfer 
problems. The modification divides the nodal points into groups of four. The method 
is applicable to parallel computing, which is increasing in importance as problems 
become more computationally intensive. Computational experiments demonstrate 
improved convergence rates over previous methods.  

An interesting aspect of Fluid Mechanics is the often surprising connection between 
seemingly disparate problems. The similarity between radionuclide migration and 
wood charring may not be immediately obvious, but the radial basis function 
approach described in the next chapter underscores the connection between the two. 
In these problems, the interface between the fluid and the solid boundary changes in 
time according to events within the fluid. The solutions are decomposed as a weighted 
sum of functions of the distances to a set of fixed nodal points. The authors 
demonstrate the improvement in computational time and stability provided by their 
approach. 

The final article in this section presents a modification to the Green’s function 
approach for modeling acoustic pressure, where the use of conformal mapping is 
replaced by a group of bound vortices. The author shows that the approach is readily 
extended to three dimensions. The method is discussed in the context of aircraft noise. 

The first chapter of the fourth section describes a method that is naturally suited for 
fluid mechanics problems, and then considers its application for solid mechanics, 
particularly when plasticity or changing material interfaces are present. The material is 
modeled as particles, each of which can have its own properties. Because the 
connectivity of the particles is not prescribed, the method is particularly suitable to 
problems that include large deformations. The information loss that can occur with 
remeshing is avoided. The application of this method to tectonic plate motion is 
important because of the natural consequences of this activity. 



         Preface XI 
 

The final chapter of the book presents an innovative method for fluid mechanical 
design in which an object within the flow field is build element-by-element. Each 
element is introduced into the flow, and its effect on a cost function is minimized with 
respect to the object’s position. An element may represent added material or a 
removed part of the existing structure. This chapter presents a strong degree of 
mathematical formality. It describes a Stokes flow-based technique for the construction 
of geometries that have specific properties. An important application of this method to 
eutrophication, the response of an aquatic system to contaminants, such as agricultural 
runoff, is presented. 

It is likely that few readers will digest the content of this book from cover to cover. 
However, anyone who has studied the field of Fluid Mechanics should find at least 
one of its chapters of interest. It is hoped that this book will foster the understanding 
that Fluid Mechanics is not merely an esoteric field, but rather a valuable tool that is 
relevant to many of our most important problems. 

 
Prof. Steven A. Jones 

Biomedical Engineering, 
Louisiana Tech University, Ruston, 

USA 
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Overview on Stereoscopic  
Particle Image Velocimetry 

L. Martínez-Suástegui 
ESIME Azcapotzalco, Instituto Politécnico Nacional, Colonia Santa Catarina,  

Delegación Azcapotzalco, México, Distrito Federal, 
Mexico  

1. Introduction 

Recently, Particle Image Velocimetry (PIV) has become the method of choice for multiple 
fluid-dynamic investigations (Adrian 1991; Willert and Gharib 1991; Jakobsen, Dewhirst et 
al. 1997; Westerweel 1997; Raffel, Willert et al. 1998). PIV is a reliable non-intrusive laser 
optical measurement technique that is based on seeding a flow field with micron-sized 
tracer particles and illuminating a two-dimensional (2D) slice or target area with a laser light 
sheet (Adrian and Yao 1985; Melling 1997). The target area is captured onto the sensor array 
of a digital camera, which is able to capture each light pulse in separate image frames. After 
recording a sequence of two light pulses, velocity vectors are derived from small subsections 
(called interrogation areas) of the target area of the particle-seeded flow by measuring the 
distance travelled by particles in the flow within a known time interval. The interrogation 
areas from the two image frames are cross-correlated with each other, pixel by pixel, 
producing a signal peak that allows for an accurate measurement of the displacement, and 
thus the velocity. Finally, the instantaneous velocity vector map over the whole target area 
is obtained by repeating the cross-correlation for each interrogation area over the two image 
frames captured by the camera (Nishino, Kasagi et al. 1989; Keane and Adrian 1992; Mao, 
Halliwel et al. 1993; Westerweel, Dabiri et al. 1997). The major drawback of the 2D PIV 
technique is that it records only the projection of the velocity vector into the plane 
illuminated by the laser sheet, so the out-of-plane velocity component is lost and the in-
plane components are affected by an unrecoverable error due to the perspective 
transformation. Although the “classical” PIV method introduces an error due to the 
perspective projection and uncertainty in measuring the in-plane velocity components, most 
of the time it is commonly neglected, since it still allows the user to interpret the 
instantaneous flow field and its structures (Lawson and Wu 1997; Lawson and Wu 1997; 
Soloff, Adrian et al. 1997). Unfortunately, this is not the case when studying highly three-
dimensional flows, where the only way to avoid the uncertainty error is to measure all three 
components of the velocity vectors using stereoscopic techniques (Adrian 1991; Arroyo and 
Greated 1991; Westerweel and Nieuwstadt 1991; Hinsch 1993; Prasad and Adrian 1993; 
Raffel, Gharib et al. 1995; Lawson and Wu 1999; Prasad 2000; Doorne 2004; Tatum, Finnis et 
al. 2005; Mullin and Dahm 2006; Tatum, Finnis et al. 2007). Stereoscopic PIV uses two 
cameras with separate viewing angles. By combining the two velocity fields measured by 
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each camera using geometrical equations derived from the camera setup and a complicated 
calibration step, the third velocity component is evaluated and a three-dimensional (3D) 
velocity field is achieved (Nishino, Kasagi et al. 1989; Grant, Zhao et al. 1991; Raffel, Gharib 
et al. 1995; Willert 1997; Kähler and Kompenhans 2000; Shroder and Kompenhans 2004; 
Mullin and Dahm 2005; Perret, Braud et al. 2006). 
In the present chapter, the technical basis, the set-up and components of a stereoscopic PIV 
apparatus/equipment are described so that the reader can understand how the different 
items of equipment are combined to form a coherent PIV tool (Hu, Saga et al. 2001). 
Afterwards, the principles of stereo PIV calibration, data acquisition, processing, and 
analysis are addressed. The aim of this chapter is to present in a more general context the 
aspects of the PIV technique relevant for those who intend to purchase a stereoscopic PIV 
system or those who want to perform stereoscopic PIV measurements. By understanding 
how to plan and perform experiments, it is hoped that it will allow the reader to successfully 
design a custom measurement system to fit a specific scientific or industrial application. In 
addition, this chapter will prove a valuable tool for those who already own a 2D PIV system 
and want to upgrade it for 3D measurement acquisition. 

2. PIV system overview 
There are several commercial stereoscopic PIV systems available, but the basic elements of 
these systems must include the following items: a pulsed laser system, two cameras for 
stereoscopic measurements, and a PC connected to a data acquisition card that synchronizes 
all of these items. The instrumentation required to perform the PIV data acquisition process 
is seeding, illuminating, recording, processing, and analysing the flow field. One drawback 
of PIV systems is that all of these items contribute to each stage of the measurement process, 
and therefore none of them can be spared. A brief description of the aforementioned 
instrumentation is presented in the following subsections. 

2.1 Illumination systems 
A stroboscopic light-sheet is desired to illuminate the plane of interest. This can be 
generated with pulsed lasers, continuous wave lasers, electro-optical shutters, polygon 
scanners, light guides and optical assemblies. Since only pulsed lasers have sufficient energy 
to record particle images, for relatively high speed flows seeded with micron or submicron 
particles, the most common choice are Nd:Yag lasers with a wavelength of 532 nm, since 
they offer repetition rates that match most of the commercially available CCD cameras. 
Pulsed laser systems include an array of optics with several cylindrical lenses that produces 
a diverging light sheet with adjustable thickness. This optical system includes and optical 
mount that can rotate through 360o. One thing to remember when designing experiments is 
that in order to avoid damage to the equipment, the laser must always be mounted and 
operated in a horizontal position. The sheet can be easily oriented by deflecting the laser 
beam using a mirror. Also, when it comes to choosing a pulsed laser for a stereo PIV system, 
the most important specifications to account for are: minimum sheet thickness range, the 
sheet focusing range, the maximum input pulse energy, the maximum input beam diameter, 
and of course its dimensions. The laser of choice must suit the measurement of the 
particular flow field under investigation. Nevertheless, when purchasing a PIV system, 
always aim for a laser with the maximum laser power output.  
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2.2 Cameras  
Several CCD-based cameras are currently available. They differ in the desired spatial 
resolution, temporal resolution, directional ambiguity resolution, and cross-correlation 
options. Again, the cameras of choice depend on the resolution of the spatial and temporal 
features of the flow field to be measured. Generally, as the spatial resolution of the camera 
increases, its temporal resolution decreases. Therefore, when customizing your PIV 
equipment, always make sure that the chosen cameras meet the following criteria. They 
have enough temporal resolution in order to resolve the smallest velocity displacements 
between the first and second images of the particles of the flow field under investigation. 
The size of the smallest velocity structures can be measured in the flow field under study. 
One important thing to consider is that commercial PIV systems include a feature that 
interfaces the input buffer in the PIV processor with the cameras, thus allowing future 
upgrades of particular camera systems that better suit your needs. With that in mind, the 
best option when purchasing your first set of cameras for the PIV system is to make sure 
that they satisfy your particular needs in terms of temporal resolution with the highest 
spatial resolution. 

2.3 Software to perform the PIV data acquisition process 
The software of the PIV system must include a synchronization unit that links signals to and 
from the processor, the laser and cameras. Once the images have been acquired, the system 
must be able to produce and store vector maps or image maps in a database on a hard disc 
of a PC that keeps track of both the data and corresponding data acquisition and analysis 
parameters used.  

2.4 3D traverse system  
If the light sheet optics and the cameras are mounted on a common traverse system, they 
can be positioned at any desired point in the flow domain. This capability is particularly 
advantageous for measuring image data at multiple planes in a flow. Volume mapping is a 
technique based on performing multiple 3D stereoscopic PIV mappings in cross-sections of 
a flow within a very short time interval (Meinhart, Wereley et al. 2000; Klank, Goranovic et 
al. 2001). Unfortunately, this technique can only be used with a traverse system, and it is 
achieved by mounting the laser cavity and the cameras on an electronically controlled 
traverse system. In this way, when the entire traverse system is moved, the distance 
between the cameras and the light sheet remains constant so that there is no need to 
calibrate again. Although 2D or 3D PIV measurements can be performed without a traverse 
system, the main advantage of these systems is that they allow for fast and accurate 
calibration. For stereoscopic measurements in an enclosed flow (e.g., a duct flow, where the 
laser and cameras are outside of a transparent model), the index of refraction can have a strong 
effect on the calibration. One method to ensure that the two cameras have an orthogonal 
orientation with respect to the liquid-air interface is to redesign the wall of the test section to 
incorporate a triangular prismatic section. This is easily achieved by constructing a glass 
container that is filled with the same liquid and that is attached to the test section. By using a 
liquid prism between the test section and the lens of each camera, orthogonal viewing is 
accomplished with respect to the liquid-air interface and the aberrations are minimized 
(Prasad and Adrian 1993; Prasad and Jensen 1995). Also, when the test section has curved 
walls, distortion caused by refraction is minimized by enclosing the test section in a container 
with flat windows and filled with the same fluid as the test section. 
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3. Stereoscopic PIV calibration tools  
In this section, the calibration tools for stereoscopic calibration and the calibration procedure 
are presented and described in detail. 

3.1 Camera mounts for stereoscopic viewing 
In most 3D PIV systems, when viewing the light sheet at an angle, the camera’s entire field 
of view must be accurately focused. This is known as the Scheimpflug condition, and it is 
accomplished using camera mounts that include angle adjustment so that the image plane 
(CCD-plane), lens plane and object plane for each of the cameras intersect at a common 
point, as shown in Figure 1a (Scheimpflug 1904; Prasad and Jensen 1995; Zang and Prasad 
1997). Figure 1b shows a camera mounted on a stereoscopic camera mount with angle 
adjustment and Scheimpflug condition.  
 

 
Fig. 1. a) Scheimpflug camera. b) CCD camera mounted on a Scheimpflug camera mount. 

3.2 Calibration target 
Stereo PIV measures displacements by using two cameras playing the role of eyes. By 
comparing the images of each camera against a calibration target, a stereoscopic calibration, 
which will be described in the next subsection, is achieved. Plane calibration targets consist 
of a one-sided white image with black dots on a regular spaced grid that is easily detected 
using image processing techniques (Harrison, Lawson et al. 2001; Ehrenfried 2002; Wieneke 
2005). When these targets are used, the two cameras have to be positioned on the same side. 
On the other hand, double-sided (multi-level) targets contain a two-level grid of white dots 
on a black background located at two different and known orientations of the z-axis, where z 
is the distance away from the camera(s). One major advantage of these targets is that 
depending on the configuration of the experimental setup, the user can choose to mount the 
cameras either on opposite sides of the calibration target or on the same side. Although 
small angles between the two cameras can be used, the out-of-plane displacement is 
obtained more accurately when a larger angle is used between the two cameras. In this 
sense, the most accurate calibration is obtained when the angle between the two cameras is 
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set to 90o (Sinha 1988; Westerweel and Nieuwstadt 1997). Nonetheless, stereoscopic PIV is 
also possible using a nonsymmetric arrangement of the cameras as long as the viewing axes 
are not collinear. Both types of targets have a larger centre dot called the “zero marker” 
which corresponds to the level at which the big dot in the centre of the calibration target is 
placed. Figure 2 shows the recommended setup for the cameras depending on the type of 
target used. Note that when the cameras have a narrow depth of field, a smaller separation 
angle will be needed to allow a wider field of view (i.e., where both cameras are in focus). 
 

 
Fig. 2. Optimal camera configurations for an optimal determination of the stereoscopic 
calibration coefficients: a) Configuration using a plane (one-sided) calibration target. b) 
Configuration using a multi-level (two-sided) calibration target.  

3.3 Calibration procedure 
An imaging model describes the mapping of points from the image plane to object space, 
and the model parameters are determined through analysis of one or more calibration 
images. To obtain an imaging model, the first step is to accurately align the calibration target 
with the laser light sheet (Willert 1997). For 3D PIV measurements, the laser light thickness 
is adjusted by an optical arrangement supplied with the laser so that the illuminated plane is 
as thick as possible. If calibration is to be performed using a plane target, the cameras have 
to acquire images of the target through a number of z positions. This is generally 
accomplished by mounting the target on a special traverse unit and recording three to five z 
positions. Figure 3 shows the calibration grid images obtained by each camera for one z 
position using a plane calibration target of 100 x 100 mm with black dots and white 
background. The camera configuration corresponds to the one shown in Figure 2a). 
Multi-level double sided targets eliminate the need for traversing, since they contain a two-
level grid of white dots on a black background with known dot spacing in the x,y and z 
positions. Figure 4 shows a multi-level target of 270 x 190 mm with white dots and black 
background. The alignment of the laser light sheet and the target depend on the camera 
configuration. If the cameras are located on opposite sides of a multi-level calibration target, 
then the laser light sheet has to be aligned with the centre of the target. Here, the z=0 
coordinate is located at the centre of the laser light sheet. If the cameras are placed on the 
same side of the calibration target, the laser light sheet has to be positioned in the plane 
located in the middle of each level. In this case, the plane located at the centre of the light 
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sheet corresponds to the plane at which z=0. After aligning the calibration target, the user 
has to select the type of target used from a list. This setting allows the system to associate 
known x and y positions with the size and location of the markers, as the calibration 
algorithm automatically identifies the x and y coordinates on the images. The calibration 
target used during 3D stereo PIV measurements must always match the experimental setup, 
i.e. when measuring a large or small area, a large or small target is needed, respectively. 
 

 
Fig. 3. Right and left calibration grid images obtained by each camera using a plane (one-
sided) calibration target. The big dot in the centre of the calibration target is the zero marker.  

 
Fig. 4. Multi-level target of 270 x 190 mm with white dots and black background.  



 
Overview on Stereoscopic Particle Image Velocimetry 

 

9 

Once the type of target used for the calibration is entered, information such as dot spacing in 
the x, y coordinates, zero marker diameter, axis marker diameter and level distance are 
known. The next step is to define the coordinate axes as seen from the cameras’ point of 
view and the target configuration. Here, the x, y and z axes are always horizontal, vertical, 
and normal to the light sheet, respectively. However, each can be positive in any direction 
so that eight different coordinate system combinations are available. To obtain the z 
calibration coefficient, each camera records images of the calibration target for several z 
positions by traversing it in a direction normal to the laser sheet. Each displacement value is 
entered by the user in the dataset properties, and this calibration stage determines the x-y 
image to object plane space mapping (Lawson and Wu 1997; Soloff, Adrian et al. 1997). 
Table 1 shows some of the available sizes for each type of target. Note that for the case of 
multi-level targets, the z-coordinate refers to the location of the zero marker and the z values 
entered correspond to the dots located on the second level. These values are added or 
subtracted depending on the level spacing of each target and on how the calibration target is 
aligned with the laser light sheet.  
 

Type of calibration target Size (mm) Z values entered (mm) 

Dots 100 x 100 -
Dots 200 x 200 -
Dots 270 x 200 -
Dots 450 x 450 -

Multi-level 270 x 190 2nd level +4 
Multi-level 270 x 190 2nd level -4 
Multi-level 95 x 75 2nd level +2 
Multi-level 95 x 75 2nd level -2 

Table 1. Available sizes for plane and multi-level calibration targets. 

After the entry properties of the calibration images are set and saved, the obtained 
transformation describes the overall perspective and lens distortion by providing 
parameter values for a specific image acquisition setup called the “imaging model fit”. 
The calibration result can be verified by superimposing the model fit map to the 
corresponding calibration image. Figure 5 shows the imaging model for each camera 
based on an image size of 1344 x 1024 pixels after applying a direct linear transform and 
using a multi-level calibration target of 270 x 190 mm. The origin of the x, y and z 
coordinates is located at the centre of the zero marker and the coordinate axes are 
displayed as seen from each camera. The yellow dots at the centre of the white markers 
appear when a successful image model fit is obtained. Note that for both images, the 
Scheimpflug condition was not accomplished on the markers located at each corner. 
Nonetheless, a successful 3D calibration can still be obtained using an image model fit 
using sixteen out of the twenty available markers.  
The quality of the calculated imaging model fit can be evaluated with the value of the 
average reprojection error. The latter describes the average pixel distance from every marker 
found to the predicted image location (distance from the yellow dots at the centre of the 
white markers to the points of intersection of the green grid in Figure 5). In this sense, the 
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accuracy of the image model fit increases as the value of the average reprojection error 
decreases, and normally accepted values lie below 0.5. After performing a successful 3D 
calibration, the calibration target is removed and stereo measurements can be acquired by 
processing 2D PIV simultaneous recordings from each camera using the scale factor based 
on the image model fit. The two 2D vector maps recorded by each camera are then post 
processed using standard PIV processing software to obtain 3D vector maps. The main 
advantage of 3D calibration is that since a direct mapping function is derived between an 
object in 3D space and its corresponding location in the in-planes, there is no need to 
provide information regarding the geometric parameters of the stereoscopic image 
acquisition (Prasad 2000).  
 

 
Fig. 5. Imaging model for each camera. The average reprojection errors are of 1.5544 x 10-1 

and 2.2423 x 10-1 pixels for the left and right camera, respectively.  

4. Data processing and analysis 
This section describes how to perform 3D data processing and analysis after data 
acquisition, and addresses various options to export the processed information of the 3D 
image maps for further investigation and processing to spreadsheet displays, ASCII files, 
MATLAB or Tecplot 360.  

4.1 Adaptive correlation 
The adaptive correlation analysis method calculates velocity vectors starting with an 
initial interrogation area of size m x n pixels. After the first iteration, vectors are 
recalculated using a smaller interrogation area, and this procedure is repeated until a final 
interrogation area is reached. The number of iterations is specified by the user and it’s 
called “number of refinement steps.” The size of the final interrogation area is also 
specified by the user, and its value is determined by entering values of the horizontal and 
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vertical sides (in pixels) of the latter. For each direction, available sizes are of 8, 16, 32, 64, 
128 and 254 pixels. The initial interrogation area size is obtained by multiplying the final 
interrogation area size times the number of refinement steps, e.g., when selecting 3 
refinement steps using a final interrogation area of 16 x 16 pixels, the initial interrogation 
area size is of 128 x 128 pixels. To reduce the correlation anomalies, overlap between 
neighbour interrogation areas can be specified independently for the horizontal and 
vertical directions. Validation parameters for the adaptive correlation method are 
normally used to remove spurious vectors. One of these parameters is the “peak 
validation.” Here, the user sets values for the minimum and maximum peak widths as 
well as the minimum peak height ratio between the first and second peak. The “local 
neighbourhood validation” rejects spurious vectors and replaces them using a linear 
interpolation method based on the surrounding vectors located at an area of m x n pixels 
set by the user. Note that spurious vectors are identified by the inputted value of the 
“acceptance factor” parameter, and for larger values of this parameter, less velocity 
vectors are spatially corrected. The “moving average validation” method is used to 
validate vector maps by comparing each vector with the average of other vectors in a 
defined neighbourhood. Vectors that deviate from specified criteria are replaced using the 
average of the surrounding vectors. Figure 6 illustrates how the calculated velocity 
vectors obtained after applying an adaptive correlation can vary depending on the values 
of the input parameters described above. The computed vectors are displayed in blue, 
while the green vectors correspond to those obtained after interpolation with the 
surrounding vectors. This figure exemplifies the importance of adequately setting the 
values of the interrogation areas and validation methods employed. The instantaneous 
velocity map shown in Figure 6 is the recorded instantaneous flow structure of a free 
falling rotary seed that’s spinning at a stationary height inside a low-speed, vertical wind 
tunnel crafted for studying its flow and kinematics. Velocity measurements were 
performed using a Dantec Dynamics DSPIV system and the images were processed using 
Dantec Dynamics software (DynamicStudio version 3.0.69). Seeding was supplied from a 
smoke generator (Antari Z-1500II Fog Machine, Taiwan, ROC) placed at the tunnel intake, 
and seeding quantity was regulated by monitoring the output from the DSPIV system 
(particle size 1 μm). To elucidate the effects of the value of the input parameters, the 
recipe for the left and right adaptive correlations of Figure 6 are displayed on the left and 
right sides of Figure 7, respectively.  
The adaptive correlation on the left of Figure 6 used the following parameters for the 
interrogation areas: final interrogation area size of 32 x 16 pixels in the horizontal and 
vertical directions, respectively, no overlap between neighbour interrogation areas, one 
refinement step, and an initial interrogation area size is of 64 x 32 pixels. The validation 
parameters used are: moving average validation with an acceptance factor of 0.15 with three 
iterations using a neighbourhood size of 3 x 3. The adaptive correlation on the right of 
Figure 6 used the following parameters for the interrogation areas: final interrogation area 
size of 32 x 32 pixels, 25% and 50% of horizontal and vertical overlap, respectively, and five 
refinement steps using an initial interrogation area size of 1024 x 1024 pixels. The validation 
parameters used are: minimum peak height relative to peak 2 of 1.2, moving average 
validation using 3 iterations using a neighbourhood size of 3 x 3 and an acceptance factor of 
0.15. 
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Fig. 6. Adaptive correlation applied to the same image pair by using different sizes of the 
final interrogation areas, number of refinement steps, and validation parameters.  
Left image: 42 x 64 vectors, 2688 total vectors and 84 substituted vectors (green vectors). 
Right image: 55 x 63 vectors, 3465 total vectors and 265 substituted vectors (green vectors).  

 
Fig. 7. Adaptive correlation recipe used for the left image in Figure 6 (top and bottom left 
images), and adaptive correlation recipe used for the right image in Figure 6 (top and 
bottom right images). 
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4.2 Average filter 
This technique is used to filter and smooth vector maps. To apply this method, the user 
defines the size of the m x n averaging area and an average vector is obtained based on the 
size of the averaging area size. Figure 8 shows how, after applying an average filter to the 
calculated velocity vectors, the instantaneous flow structure is smoothed. Note that a 
coherent structure is clearly visible at the centre of the right image. The recirculation shown 
corresponds to a leading-edge vortex (LEV) located on top of an autorotating airfoil.  
 

 
Fig. 8. Filtered instantaneous velocity map (right) after applying an average filter to the 
calculated velocity vectors (left) obtained using and adaptive correlation. The averaging area 
used is of 7 x 7 pixels. 

4.3 Stereo PIV processing 
As previously mentioned, the stereo PIV vector processing method computes 3D vectors 
based on the Imaging Model Fit obtained after stereoscopic calibration. To compute 3D 
vector maps, these steps must be followed: select the Image Model Fit and the 2D vector 
maps for each camera. Finally, apply the “Stereo Vector Processing” method from the PIV 
analysis group. Figure 9 illustrates how the resultant 3D PIV vector maps are layed out after 
applying the stereo vector processing method. Clearly, the flow field is displayed using 
traditional vector plots in 2D, and the scalar quantity of the out-of-plane velocity component 
is displayed with a scalar map and contours. Note that although the instantaneous 3D 
velocity field is obtained with this method, one major disadvantage is that the flow structure 
is still represented in the plane. Fortunately, commercial software from PIV systems has 
multiple options to export data to more powerful software packages for 3D flow 
visualization, such as MATLAB or Tecplot 360. Specifically, DynamicStudio from Dantec 
Dynamics includes a MATLAB link that transfers data of the recorded database to MATLAB’s 
workspace. In addition, results obtained can be transferred back to the DynamicStudio 
database after processing data in MATLAB.  
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Fig. 9. 3D PIV vector map obtained after stereo PIV processing. The scale below the 
vector map illustrates the magnitude and direction of the out-of-plane velocity component. 

4.4 Scalar maps 
Scalar maps are used to display on screen multiple data derived from the velocity fields. 
Examples of scalar maps that can be calculated are: contours for the u, v and w velocity 
components, contours with gradients of the u, v and w velocity components in the x, y and z 
directions, vorticity contours, vortex identification methods, and the divergence of a 3D 
vector field. Figure 10 shows the vorticity contours for the instantaneous flow structure 
shown in Fig 9. In the next subsection, the steps to export databases for further processing 
using Teclplot 360 are presented. 

4.5 Exporting 3D vector maps for further processing using Tecplot 360 
In this subsection, the steps to export data and reconstruct a three-component velocity field 
using Tecplot 360 are described. The first step is to select the 3D PIV vector fields and scalar 
maps to be exported. Afterwards, data are exported using a numerical export function. For 
Tecplot 360, the user specifies the path to the directory where data will be saved, chooses the 
names for the exported files, and saves them with a .DAT file extension. Finally, the 
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exported data files are loaded into Tecplot 360. Figure 11 displays the 3D instantaneous flow 
structure of Figure 9 and the vorticity contours of Figure 10 using Tecplot 360 after further 
processing. Figures 11a) and 11b) correspond to the frontal and rear perspectives normal to 
the plane of the laser sheet, respectively. The red circles enhance the location of the LEV and 
the trailing-edge vortex (TEV) close to the free falling rotary seed. Note how the LEV is 
visible using the front perspective, while the TEV is not. The opposite occurs for the rear 
perspective, where the TEV is visible but the LEV is not. Figure 12 shows the resulting flow 
structure after projecting the instantaneous 3D vector field of Figure 11 onto the plane 
illuminated by the laser sheet. Here, the vorticity contours are the same, but the size and 
location of the LEV, the TEV, and the overall flow structure changes dramatically. This 
exemplifies why 2D PIV measurements are prone to error when studying pronounced 3D 
flows, and hence, the importance of knowing the stereoscopic particle image velocimetry 
technique. 

 

 
Fig. 10. Vorticity contours for the instantaneous flow structure shown in Figure 9.  
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Fig. 11. Three dimensional instantaneous flow structure and vorticity contours displayed 
using Tecplot 360.  

 
Fig. 12. Three dimensional instantaneous flow structure and vorticity contours projected 
onto a 2D plane and displayed using Tecplot 360.  
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5. Conclusion  
Currently, the PIV technique is the standard method for measuring fluid flow velocity in a 
wide range of research and technology fields. Stereoscopic PIV is particularly well-suited for 
the study of biomedical flows (bifurcation flow phenomena in realistic lung models and 
heart valves), automotive industry (drag reduction, engine compartment flows and exhaust 
systems), aerospace industry (wind tunnel measurements for the study of wing design and 
trailing vortices), naval applications (propeller wake flow analysis), turbulent flow (jet 
mixing flows), combustion processes (fuel/air mixing, flame and fire research, jet 
propulsion, explosion research, exhaust control and swirl in combustion systems), 
oceanography (wave dynamics, sedimentation/particle transport, tidal modelling and river 
hydrology), design and optimization of electronic devices (thermal loading on electronic 
components), hydraulics and hydrodynamics (propulsion efficiency, pipe flows, channel 
flows and bubble dynamics), mixing processes, spray atomization, fluid structure 
interaction, vortex evolution and heat transfer studies. Nonetheless, one drawback of PIV is 
that it requires optical access for the light sheet as well as for the cameras, which may 
sometimes be difficult to ensure. In these cases, point based techniques such as pitot probes, 
Constant Temperature Anemometry (CTA), or numerical simulations are reliable tools for 
the measurement of flows. One major advantage is that 2D PIV systems can easily be 
expanded for 3D capabilities. Although commercial stereoscopic PIV systems equipped with 
a 3D traverse system are very expensive (at least US$300K), their ease of use allows anyone 
to perform high quality measurements without the need of any formal training in fluid 
mechanics. The aim of the present chapter is to describe the experimental methodology to 
plan and design experiments, perform a successful stereoscopic calibration, quantify the 
accuracy of the latter, and process the acquired data. It is hoped that the established 
methodology will prove useful to those who intent to obtain high quality three-component 
velocity results. 
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1. Introduction 
The flow around jets has been comprehensively studied by many investigators. 
Mathematical models have been successfully realized for flow of perfect gases [1-4], but the 
practical design of supersonic ramjet (scramjet) engines requires an understanding of jet 
interaction with a crossflow for multispecies gases. The flow field in such devices is 
complicated by geometrical factors, turbulent fuel-air mixing, chemical reaction, shock 
waves, and separation regions ahead of and behind the jet. Despite successful numerical 
models of such flows, the detail of the flow physics of the combustion in the real devices 
through the use of computational tools is a difficult problem. Therefore the investigators 
studied some physical phenomena or proposed the numerical method which are important 
for solution of the problem of the combustion.  
For example, this problem has been modeled by Drummond and Weidner [1-2] during that 
process Reynolds-averaged multispecies Navier-Stokes equations which were coupled with 
Baldwin-Lomax turbulence model have been solved by using the explicit predictor-corrector 
scheme of MacCormack. Drummond and Weidner modeled injection of fuel from two slots 
and studied influence of the slots width on the process of mixing. Their comparison of the 
pressure on the wall to the experiment data showed a satisfactory fit.  
Grasso and Magi have also solved the Favre-averaged Navier-Stokes equations for a 
transverse gas injection in supersonic air streams [4]. The governing equations are solved by 
a finite volume approach with the k ε−  model equations coupled. A high-order TVD 
method has been developed to multispecies turbulent gas mixtures and the effect of the free 
stream Much number on the flow structure have been studied.  
The numerical investigation of supersonic mixing of hydrogen with air has been performed in 
the work [5-6]. For the process the main flow air entering through a finite width of inlet and 
gaseous hydrogen is injected perpendicularly from the side wall. The explicit TVD scheme has 
been used to solve the system of two-dimensional Navier-Stokes equations. In this study the 
enhancement of mixing and good flame-holding capability of a supersonic combustor have 
been investigated by varying the distance of injector position from left boundary. Upstream 
recirculation can evolve which might be activated as a good flame holder. 
One of the ways to solve Navier-Stokes equation for multispecies flow was proposed by 
Shuen and Yoon [ 7], during which they had developed numerical method using high-order 
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lower-upper symmetric successive overrelaxation scheme. The higher approximation 
scheme for solution the Favre-averaged Navier- Stokes equations based on the ENO scheme 
had been constructed in [8-9]. The interaction of a planar supersonic air flow with 
perpendicularly injected hydrogen jet across the slot from the duct walls have been studied. 
The influence of the jet Mach number and the ratio of the jet and flow pressure on shock 
wave structure of the flow and the jet penetration depth was shown. 
The k ε−  turbulence model developed by Jones and Launder had been successfully used to 
numerically calculate supersonic flows [10-11], where the effect of compressibility on the 
structure of turbulence must be considered. The compressibility correction to the 
dissipation-rate term in the k  transport equation has been used by Rizzeta [10-11] to 
simulate a supersonic turbulent flowfield. 
In this present work, a plane supersonic flow in a channel with perpendicular injection of 
jets from slots located symmetrically on the lower and upper walls is modeled numerically. 
For convenience of computations, symmetry is assumed so that only the lower half of the 
channel is modeled, with jet injection from the lower wall only. The flow pattern is shown in 
Figure 1.   
The influence of the compressibility effect on the shock wave structure and on the vortex 
system ahead and behind of the jet are studied in the context of the k ε−  and algebraic 
Baldwin-Lomax models of turbulence. The detailed physical analysis of the supersonic jet 
interaction with a crossflow for multicomponent gases depending on parameters of the 
flowfield as the Mach numbers of the air stream, parameters of turbulence, pressure ratio 
are performed. Such an analysis can improve understanding of the relevant flow structures 
responsible for the generation of the pressure field and for the mixing of the injectant with 
the cross flow. Ultimately this analysis will contribute to understanding of scramjet fuel 
injection systems. 
The choice of the range of parameters under consideration is determined by the available 
experimental data of the processes of hydrogen combustion in the range of regime 
parameters under consideration, which will allow comparisons with experimental data of 
other authors in the future.  
 

 
Fig. 1. Two dimensional slot injection flow scheme in the channel. L – length of channel,  
H – height of channel, l – length from the inlet to the slot, h – slot width.  
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2. Mathematical model 
The two-dimensional Favre-averaged Navier-Stokes equations for multi-species flow with 
chemical reactions are: 
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Parameters of the turbulence are: 
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where ,k ε  are the turbulent kinetic energy and rate of dissipation of turbulent kinetic 
energy respectively. kP  is turbulence production term, tM  is the turbulence Mach number, 
D , Eε  are the low-Reynolds number terms, and kY  is the mass fraction of kth species, 

1...k N= , where N  is the number a component of a mix of gases.  
The thermal equation for multi-species gas is: 
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where kW  is the molecular weight of the species. 
The total energy equation is  
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where h is the specific enthalpy of kth species. 
Specific heat at constant pressure for each component pkc  is:  
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molar specific heat pkC  is given in terms of the fourth degree polynomial with respect to 
temperature in the JANAF Thermochemical Tables [12]. 
The system of equations (1) is written in the conservative, dimensionless form. The 
governing parameters are the entrance parameters at x = −∞ , which are the pressure and 
total energy normalized to 2uρ∞ ∞ , the enthalpy normalized to 0 /R T W∞ ∞ , the molar specific 
heat normalized to 0R , the turbulence kinetic energy k  normalized to 2u∞ , the dissipation of 
turbulence kinetic energy ε  normalized to 3 /u h∞  and the considered lengths normalized to 
the slot width h .  

3. Transport properties  

The coefficient of dynamic viscosity is represented in the form of the sum of lμ - molecular 
viscosity and tμ  - turbulent viscosity:  

 l tμ μ μ= +                  (4) 

The Wilke formula is used to determine the mixture viscosity coefficient by  
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iμ  is the molecular viscosity of species i, which is defined by following formula [13, p.16]  
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In (5), iσ  is the collision diameter of species i : 
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where ( )2.2 *
iΩ  is the collision integral, *

iT  - / ikT ε  is the reduced temperature, and i
k
ε  is the 

potential. According to [13, p.17], ( ) (2.2 * *
ii TΩ =) 1 . 

Turbulent viscosity tμ  is defined by using a k ε−  turbulence model 
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4. Initial and boundary conditions  

At the entrance: 
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,εk  at the entrance: 
the ,k ε  profile at the entrance is defined by using Baldwin-Lomax’s algebraic turbulence 
model for known averaged physical parameters of the flow, where the coefficient of 
turbulent viscosity contains local velocity gradients in the transverse direction. Making an 
assumption / 1kP ε =  we find  

k k∞=  , 
Re

t kPk
C fμ μ

μ
ρ∞ = , where 

2 24
Re 3

t
k

w wP
x z

μ  ∂ ∂    = +    ∂ ∂    
  

ε ε∞= , 
2

Re .
t

kC fμ μ
ρε
μ∞

 
=   

 
 

The boundary layer on the wall is given in the input section, and the velocity profile 
approximated by power law. 
On the slot: 

0k kW W= , p np ∞= , 0T T= , 0 0 0
0

0

R Tw M
W

γ= , 0u = , 0k kY Y= ,  0z = , b bL x L h≤ ≤ + . 

On the slot for k ε− ,  

0k k= ,   
2

0
3

2
iw Tk = ,      

where iT  is the jet turbulence intensity. Turbulence energy dissipation is defined by 
assumption t lμ μ=   

0ε ε= ,   
2

0 0
0 53.56 l

kρε
μ

= ,   
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( 0 /n p p∞=  is the jet pressure ratio, 0p  is the jet pressure, and p∞  is the flow pressure). On 
the lower wall the no-slip condition is imposed, for the temperature the adiabatic condition 
are imposed; on the upper boundary the condition of symmetry is assumed; on the outflow 
the nonreflecting boundary condition [9] is used. 

5. Method of the solution 
To take into account the flow in the boundary layer, near the wall, and near the slot, i.e., in 
regions of high gradients, more accurately, we refine the grid in the longitudinal and 
transverse directions by the transformations 
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is the Jacobian of mapping.. 
System (7) linearized with respect to the vector U in form: 
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Here, 
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 are the Jacobian matrices [8-9]. 
The terms containing the second derivatives are presented as sums of two vectors: 
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and the vectors n
12vE , n

vF 22  contain the remaining dissipative functions of the form: 
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According to a principle of construction ENO scheme the system (7) for integration on time 
is formally represented as:  
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      (11)  

Here mE


, mF


 is called the modified flux vector. It consists from the original flux vector ( E , 
F and additional terms of third-order accuracy ,E Dξ ξ

 
, ,E Dη η
 

) :  

 1 ( )  m n nE E E Dξ ξ
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   ,           (12) 

modified flux mF


 is written similarity and ˆ ˆA A I+ −+ = , 1Â A A± ± −= , 1B̂ B B± ± −= , I - unity 
matrix.  
Applying factorization to (11), we obtain two one-dimensional operators, which are 
resolved by matrix sweep: 
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The second term nRHS η  is written similarly.  
In approximation of derivatives in convective and diffusion terms, we use second-order 
central-difference operators. 
The numerical solution of the system (7) is calculated in two steps. The first determines the 
dynamic parameters and second determines the mass species. 
Then it is necessary to define Jacobian matrix which, in a case of the thermally perfect gas, 
represents a difficult task. This problem is connected with the explicit representation of 
pressure through the unknown parameters. Here pressure is determined by introducing an 
effective adiabatic parameter of the gas mixture.  

 sm

sm

h
e

γ =  ,                (14) 
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where 
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are the enthalpy and internal energy of the mixture minus the heat and energy of formation; 
0 293T K=  is the standard temperature of formation, which allows to write an expression for 

the pressure 

( ) ( )2 2 0 0
2 2

11
2t

h Tp E u w
M M W

ργ ρ ρ
γ ∞ ∞ ∞

 
= − − + − + 

  
.  

The temperature is found by using the Newton-Raphson iteration [8-9]. 

6. Numerical results 
The parameters of coordinate transformation (7) have the form:  

( ) 1 1 ( )
с

xx K arsh sh K
x

ξ τ
τ

  
= + −  

   
, 

( ) ( ) ( )
1 11 11 1 1

1 1

z z
a a

z H β βη β β
β β

− −   
   + +   = + − − +      − −         

, 

1 ln 1 ( 1) 1 ( 1)
2

c cx xK e e
L L

τ τ

τ
    = + − − −        

, 

 β  and τ  are refinement factors ( β >1 and τ >1), a  is the height of the computational 
domain in the generalized coordinates, and cx  is the point with respect to which grid 
refinement is performed.  
The use of algorithm (13) with the Baldwin-Lomax turbulence model has been tested by 
authors and results were stated in reference [8].  
Numerical simulation was performed for perpendicular injection of a gas into two-
dimensional channel with the channel height of - 7,62 cm, length - 15 cm and width of slot 
0,0559 cm. The slot was located at a distance of 10 cm from entrance. The parameters were 

0 1,M =  0 642 ,T K=  800 .T K∞ =  The pressure ratios ranged from 2.75 to 20, and the 
freestream Mach number M∞  ranged from 1.75 to 4.75. The space grid was 241x181. The 
correction coefficient for compressibility was taken as α =0.3.  
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The Figure 2 shows the influence of turbulence model on the character of interaction of the 
jets with the supersonic air flow. In this figure, the shaded pictures of pressure calculated by 
Baldwin-Lomax and k ε−  turbulence models with and without compressibility correction 
are represented. 
As is well known, the physics flow is the following: due to deceleration of the main flow, the 
pressure ahead of the jet increases, and a bow shock wave is formed. An oblique shock wave 
emanates upstream from the bow shock wave. A second shock wave, named the barrel 
shock emerged behind the oblique shock wave. The bow shock wave, oblique shock wave 
and barrel shock wave intersect at one point to form a complicated λ -shaped structure.  
All of these shock waves are presented in the Figure 2 for different freestream Mach 
numbers. Although the qualitative picture of the shock waves are similar for both 
turbulence models, the evident divergence of the λ -shaped structure is observed in the 
turbulent boundary layer, which is more prominent for smaller M∞  Figure 2 (a-c).  
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Fig. 2. Shaded picture of pressure for various Mach number with k ε− , B-L, and k ε−  
compressibility turbulence models 

The differences among the models in the boundary layer are also evident in the local 
Mach number contours. The distribution of the iso-Mach line contours is shown in Figure 
3. In all cases the sonic velocity of the jet becomes supersonic at a certain distance because 
of the acceleration immediately after injection. Then, the boundary of the supersonic 
region is closed, forming a barrel which is a consequence of interaction of the shock waves 
system in the jet itself. With increasing freestream Mach number the jet penetration is 
reduced, due to the reduction of the hydrogen momentum with respect to the incoming 
air momentum and consequently a significant decrease in the barrel size is observed. The 
iso-Mach line contours in the subsonic region (Figure 3) were compared, and quantitative 
differences among the models can be seen. It is obvious that increasing of M∞  reduces 
these differences. 
The numerical experiments have shown that the acceleration of the flow inside of the barrel 
is larger for the k ε−  model than for the algebraic model. For example, in the case of k ε−  
model the flow inside of the barrel for 1.75M∞ =  is accelerated until the maximum local 
Mach number becomes 3.4M =  whereas in the algebraic model the local Mach number 
only reaches 2.8M = . Simulations that used different values of M∞  revealed that the 
acceleration of both models is decreased with increaseed Mach number; for the case of 

4.75M∞ =  for k ε−  model maximum inside of barrel is 2.87M =  and for algebraic 
2.56M = .  
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Fig. 3. iso-Mach line contours for various Mach number with k ε− , B-L, and k ε−  
compressibility turbulence models  

The observed differences among the models are confirmed by Figure 4, where the boundary 
layer separation distance from the jet is shown as a function of Mach number. In the case of 
taking into account compressibility effect (Figure 4, line 3) the curve of the separation 
distance is located between k ε−  and Baldwin-Lomax model lines. The curves show that 
the sizes of counter-rotating primary and secondary upstream vortices in the region 
upstream of the jet differ. 
Fig. 5. (a-k) shows contours of the constant mass concentrations of hydrogen for different 
M∞ . The penetration and mixing of hydrogen is performed in accordance with the 
physics of flows, consequently the depth of penetration hydrogen grows with 
increased M∞ . 
Contour plots of turbulent characteristics of the flow are shown in Figures 6 and 7. Figure 6 
shows comparison of turbulence kinetic energy k  with turbulence energy dissipation ε  
calculated by k ε−  model for various freestream Mach numbers, while Figure 7 shows the 
same comparison computed with the k ε−  compressibility model.  
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Fig. 4. Separation length as a function of freestream Mach number. 
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Fig. 5. Mass fraction contour of hydrogen. 
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Fig. 6. Comparison of k ε−  contours for various freestream Mach numbers, calculated by 
the k ε−  model. 
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Fig. 7. Comparison of k ε−  contours for various freestream Mach numbers, calculated by 
the k ε−  compressibility model. 
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The dynamics of reduction of dimensionless residual norm of gas density for the implicit 
method is shown in the Figure 8. The figure shows that increasing the subsonic zones 
(smaller M∞ ) degrades the convergence. Apparently, numerical simulation with smaller of 
M∞  will need optimization in order to provide better convergence.  
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Fig. 8. Dimensionless residual norm for the gas density vs. the number of iterations (a)- 
k ε−  model, (b)–B-L model, (c)- k ε−  compressibility model. 

The influence of the pressure ratio on the upstream flow structure was also studied. An 
analysis of the influence of the jet pressure ratio on the bow shock wave shows that the 
angle of inclination of the latter increases with increasing pressure ratio behind the shock 
wave and ahead of it. The effect of the jet pressure ratio on the separation-region length is 
illustrated in Figure 9 for 3.75M∞ = . Here results are represented which were calculated by 
the convergence of the dimensionless residual norm for gas density lnε = -5. 
 

 

Fig. 9. Separation length as a function of static pressure ratio. 
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7. Conclusion 

In the present work, the numerical model and computer code have been developed for a 
k ε−  turbulent model that includes compressibility correction to simulate turbulent 
supersonic air flow with transfer injection of the hydrogen from slots of the walls. The 
numerical method is based on the ENO scheme.  
Comparison is made between solution by using algebraic Baldwin-Lomax’s turbulence 
model and k ε− model. The influence of the compressibility effect on the shock wave 
structure is studied.  
The interaction of the supersonic air flow with transfer injection of jets depending on the 
freestream Mach number and pressure ratio have been studied. In spite of similarity in the 
shock wave structure for both turbulence model, the numerical experiments have shown 
that the sizes of counter-rotating primary and secondary upstream vortices in the region 
upstream of the jet differ. 
The developed computer code allows to study of mixing flowfield behavior with various 
injector geometries and reacting flows which is important problems in the design of 
supersonic combustion ramjet (scramjet) engines. 
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1. Introduction  
The estimate of the surface fluxes of momentum, sensible heat, and water vapor over the 
ocean is important in numerical modeling for weather forecasting, air quality modeling, 
environmental impact assessment, and climate modeling, which, in particular, requires 
more accurate flux calculations. The accuracy of flux calculations depends on an 
important parameter: the surface roughness length. More than five decades ago Charnock 
(1955) formulated the surface roughness length over the ocean, relating the sea-surface 
roughness to wind stress on the basis of dimensional argument. Even now the Charnock 
wind stress formula is widely used. However, in the free convection limit, the horizontal 
mean wind speed and the wind stress approach zero, therefore the friction velocity also 
approaches zero; in this condition, the Charnock wind stress formula is no longer 
applicable and the Monin-Obukhov similarity theory (MOST) has a singularity; MOST 
relies on the dimensional analysis of relevant key parameters that characterize the flow 
behavior and the structure of turbulence in the atmospheric surface layer. Thus, in the 
conditions of free convection, the traditional MOST is no longer valid, because the surface 
roughness length also approaches zero. In numerical modeling, the surface fluxes, wind, 
and temperature in the surface layer are important, because they are used as lower 
boundary conditions. 
In the Charnock formulation of surface roughness, two important physical processes were 
not considered: one is the free convection and the other is the swell. Swell is the long gravity 
waves generated from distant storms, which modulate the short gravity waves. To date the 
formulation of the effect of swell on the aerodynamic roughness length has not been 
theoretically developed. Thus, the purpose of this study is to modify the Charnock wind 
stress relation to include the effects of the free convection and the swell on the surface 
roughness length. A formula of the surface roughness length that relates to the convective 
velocity is proposed by Abdella and D’Alessio (2003). However, in this study, the alternative 
approaches, which are much simpler than the Abdella and D’Alessio derivation, are used to 
derive the surface roughness length, which takes into account the effects of the free 
convection. The convective process is important in affecting the air-sea transfer of 
momentum, sensible heat, and water vapor, especially at very light winds. Businger (1973) 
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suggested that under the conditions of free convection and in the absence of the horizontal 
mean wind, averaged over the horizontal area, a local wind profile still exists. This wind 
profile is generated by the convective circulations in the atmospheric boundary layer and, 
hence, we can observe a wind stress and a shear production of turbulent energy near the 
surface. As a consequence of the convective circulations, it will induce the “virtual” 
horizontal stress, the so-called convection-induced stress, which contributes to the increase 
of the surface roughness. Figure 1 illustrates the concept of convective circulations over the 
ocean. 
 

 
Fig. 1. The figure shows the large scale circulations associated with the convective activities. 
a. Near Calm or weak wind convection, b. Free Convection. Where zi is the mixed-layer 
height, h the surface layer (inner layer), ū the mean wind speed, u* the friction velocity,  
w* the convective velocity, τ the wind stress, θ the potential temperature, H the sensible heat 
flux, σu the standard deviation of the horizontal mean wind speed, u*f the induced friction 
velocity, and u’(x, t) the horizontal velocity fluctuations induced by large eddies in 
connection with the large scale convective circulations. 

In free convection, the velocity should be scaled by the convective velocity as proposed by 
Deardorff (1970) rather than by the friction velocity. The convective velocity is an important 
scaling parameter in the study of the atmospheric convection. Therefore, in this paper, we 
introduce a new velocity scale that is a combination of the friction velocity and the 
convective velocity. This velocity scale is equal to the total friction velocity. With the use of 
this velocity scale to obtain the surface roughness length, the singularity in the traditional 
MOST is avoided. In general, the surface roughness length also depends on the sea state and 
can be expressed in terms of friction velocity, convective velocity, air viscosity, and wave 
age. The effect of the wave-induced stress or swell on the surface roughness is also 
investigated in this paper. 
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In the free convection limit, Abdella and D’Alessio (2003) found that the Charnock relation 
substantially underestimates the value of the momentum roughness. To remedy this, they 
proposed a sea surface roughness formula for zo by including a convective velocity in the 
Charnock relation as  

 ( )2 2
* *o az u w

g
α γ= + ,                        (1) 

where the parameter α is the Charnock constant, which also depends on the wave age, g is 
the acceleration of gravity, u* is the friction velocity (The squared value of friction velocity is 
related to wind stress, τ/ρa= u*2, where ρa is the density of air), w* is the convective velocity 
(as defined below in Eq. (27); the convection velocity is also used in the literature), and γa is 
an empirical constant. Eq. (1) reduces to the Charnock relationship if the convective velocity 
is neglected.  
In this paper, we propose an alternative approach for the parameterization of roughness 
length, zo, for flow over the sea in forced and free convection (forced convection is without 
buoyancy forces), which is expressed as  

 ( )
2

3 3 3
* *oz u w

g
α γ= + ,                        (2) 

where γ is an empirical constant. Equation (2) is similar to that of the roughness length 
proposed by Abdella and D’Alessio (2003) as shown in Eq. (1). However, in the limiting 
conditions Eq. (1) and Eq. (2) are identical.  
In this paper, first we provide necessary background information about MOST in Section 2 
and about the bulk formulations for the surface fluxes of momentum, heat, and water vapor 
in Section 3. Then, two alternative approaches are used to derive the surface roughness 
length as given in Eqs. (1) and (2) in Section 4. The first approach is based on the Prandtl 
mixing length theory and the standard deviation of the vertical velocity component to 
derive a new velocity scale that is applicable to the conditions of free convection. The second 
approach is to use the standard deviations of the horizontal velocity fluctuations induced by 
large eddies in connection with the large scale convective circulations to derive the 
relationship between surface roughness and the convective velocity, which is consistent 
with the concept of gustiness proposed by Businger (1973) (also see Schumann, 1988; Sykes 
et al., 1993). 
The swell may also alter the surface roughness. Thus, in this paper, the Charnock wind 
stress relation including the effect of swell is derived theoretically for the first time.  
The background information about MOST is provided in the following section. 

2. The Monin-Obukhov similarity theory 
The Monin-Obukhov similarity theory is based on dimensional analysis, which basically states 
that the flow is in quasi steady state over the horizontally homogeneous surface. And the 
vertical profiles of the horizontal mean wind and temperature, and the characteristics of 
turbulence in the atmospheric surface layer can be described as a universal function of relevant 
parameters, including the height above the surface, the surface wind stress, the buoyancy 
parameter, and the surface heat flux. In the atmospheric surface layer, the vertical variations of 
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surface fluxes are within 10%. This surface layer is also called the constant stress layer or 
constant flux layer; the wind stress is aligned with the direction of the horizontal mean wind. 
According to the well-known Monin-Obukhov similarity theory (MOST) (Monin-Obukhov, 
1954), the non-dimensional profiles of wind shear, φ m, temperature gradient, φ h, and 
moisture gradient, φ q, are expressed as:  

 
*

m
kz u z
u z L

φ∂  =  ∂  
,                                     (3) 

 
*

h
kz z

z L
θ φ

θ
∂  =  ∂  

,                                    (4) 

 
*

q
kz q z
q z L

φ∂  =  ∂  
.                                    (5) 

In the above equations, it states that in the atmospheric surface layer, the non-dimensional 
wind shear, and temperature and moisture gradients can be expressed as a universal 
function of the atmospheric stability parameter, z/L, where L is the Monin-Obukhov stability 
length (as defined in Eq. (8-1)). And where θ* and q* are the temperature and moisture scales, 
respectively, defined as 

 
' '

*
*

w
u
θθ = −                                          (6) 

 
' '

*
*

w qq
u

= −                                         (7) 

Where ,u  is the horizontal mean wind speed; ,θ is the mean potential temperature; ,q is 
the mean specific humidity; k is the von Kármán constant (k=0.4); wθ′ ′ is the surface 
kinematic heat flux; w q′ ′ is the moisture flux, and L is the Monin-Obukhov stability length 
(also called Obukhov length (Obukhov,1946)) defined as 

 
( )

3
*

' '

v

v

uL
kg w

θ

θ
= − ,                                (8-1) 

or 

 
2
*

* *

(1 0.61 )
[ 0.61 )

T q uL
kg Tqθ

+= −
+

,                               (8-2) 

where T is the temperature, and θν is the virtual temperature. Eq. (8-1) and Eq.(8-2) are equal 
to each other; Eq.(8-2) is expressed in terms of the scaling parameters, , u*, θ*, and q*. 
For practical applications, we assume the following flux-profile relations (see Huang, 1979): 

 2φ φ φ= =h q m ,  z/L < 0 for unstable conditions  (9) 
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where φ h(z/L) is the non-dimensional function of temperature gradient. 
Based on various meteorological experiments, different forms of the universal function for 
φ m(z/L) have been proposed. For example, the universal function for the non-dimensional 
wind shear φ m(z/L) empirically obtained from the observational data (Dyer, 1974; also see 
Huang, 1979) can be expressed as: 

 11φ α  = + 
 

m
z z
L L

         z/L 0≥  for stable conditions                 (10-1) 

 
1

21
β

φ α
−

    = −    
    

m
z z
L L

,    z/L < 0 for unstable conditions              (10-2) 

where the values of α1 = 5, α2 = 16 and β1 = 1/4 are recommended by Dyer (1974) for unstable 
conditions. Other values of α2 = 7 and β1 = 1/3 for unstable conditions are given by Troen 
and Mahrt (1986) and others. 
In general, the function of φ h(z/L) can be expressed as (Hogstrom, 1998; Wilson, 2001): 

 Pr 1φ β = + 
 

h t h
z
L

   z/L ≥ 0 for stable conditions                    (11-1) 

 Prt=     z/L= 0 for neutral conditions                          (11-2) 

 
1
2Pr 1t h

z
L

γ
−

 = − 
 

 z/L< 0 for unstable conditions                  (11-3) 

Where βh and γh are empirical constants and the values of βh and γh are equal to 5 and 16, 
respectively. Prt is the turbulent Prandtl number and is defined as  

 Pr m
t

h

K
K

= .                                          (11-4) 

Where Km and Kh are exchange coefficients (or eddy diffusivities) for momentum and heat, 
respectively. The turbulent Prandtl number for neutral stability, Prt, is equal to 0.95 .  

3. Fluxes of momentum, heat, and moisture 

The standard bulk formulations for the surface fluxes of momentum (τ), heat (H), and 
moisture (E) can be expressed as 

 ( )2 2
*a d s r aC u u uτ ρ ρ= − = ,                               (12) 

 ( ) * *a pa h r s a paH c C u T c uρ θ ρ θ= − = −                        (13)  

 ( ) * *a e e r s aE L C u q q u qρ ρ= − = − .                           (14) 
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Where ρa is the air density, cpa the specific heat of air at constant pressure, ur the mean wind 
speed at the reference height zr above the sea surface, us the speed of surface current, Ts the 
skin temperature, qs the saturation specific humidity at the sea surface, and Le the latent heat of 
water vapor. The Cd, Ch, and Ce are the bulk transfer coefficients for wind stress or momentum, 
sensible heat, and latent heat, respectively. The typical values of the bulk transfer coefficients 
are about 0.001 at the reference height of about 10 m. For the ease of computation, these 
transfer coefficients can be further partitioned into individual components and written as 
analytical functions that depend on the atmospheric stability parameter (z/L) as  

 1/2 1/2
21/2

1

dn
d d d

dn
m

CC C C
C z

k L
ψ

= =
  −  

   

,                          (15) 

  
1/2 1/2

1/2 1/2
1/2 1/2

1 1

dn hn
h Td

dn hn
m h

C CC C C
C Cz z

k L k L
ψ ψ

= =
      − −      

         

,                (16) 

  
1/2 1/2

1/2 1/2
1/21/2

1 1

dn hn
e qd

qndn
m q

C C
C C C

CC z z
k L k L

ψ ψ

= =
     − −     

        

.                (17) 

These components can be expressed on the basis of the Monin-Obukhov similarity theory as 
functions of reference height, z, surface roughness length (zo for momentum, zoT, for heat, and 
zoq for water vapor), and the Monin-Obukhov length, L, defined in Eq. (8). For more detailed 
information on the functional expressions of the bulk transfer coefficient, refer to texts such as 
Garratt (1992) or Stull (1997). Where ψm (z/L), ψh(z/L), and ψq(z/L) are the similarity functions, 
which are given in Eq. (19) to (21) below. It is usually assumed that there is similarity between 
water vapor and heat transfer, which implies that ψh(z/L) = ψq(z/L).  
For example, the bulk transfer coefficient of momentum or the wind profile can be 
expressed as (see Paulson, 1970; Huang 1979)  

 
2 2

*
2

ln
d

m
o

u kC
u z

z
ψ

 ≡ = 
    

−     

.                           (18) 

Where the similarity function ψm (z/L) in Eq. (15) or (18) is given as 

 5m h
z
L

ψ ψ= = −    for z/L ≥  0                              (19) 

 ( )
2

11 12 ln ln 2 tan
2 2 2m

x x x πψ − + + = + − +       
  for z/L<0                (20) 
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and the function ψh (z/L) in Eq. (16) is given as 

 
212 ln

2h
xψ

 +=   
 

  for z/L<0                              (21) 

where  

1/4

1 16 zx
L

 = − 
 

   for z/L < 0 

Under neutral conditions, that is when z/L approaches 0, the transfer coefficients in Eqs.  
(15) – (17) become 

 1/2
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,                                     (22) 
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,                                    (23) 
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oq

kC
z
z

=
 
  
 

.                                  (24) 

Where zoT and zoq are roughness lengths for heat and water vapor, respectively. 

4. Relationship between the friction and convective velocity 
Two approaches are used here to derive the relationship between the induced friction 
velocity and the convective velocity. These approaches are based on the Prandtl mixing 
length theory and the turbulent velocity fluctuations, which are described in the following 
sections. 

4.1 Prandtl mixing length theory and velocity scale 
In this section, we use the Prandtl mixing length theory and the standard deviation of the 
vertical turbulent velocity to derive the surface roughness length that includes the effect 
of free convection on the surface roughness length. The Prandtl mixing length theory has 
also been used to derive the Abdella and D’Alessio formula in Eq. (2) (also see Huang, 
2009). 
According to MOST, the standard deviation of the vertical turbulent velocity component 
(w’), σw = √(w’)2 , in the surface layer can be described by: 

 
*

σ φ  =  
 

w
w

z
u L

,                                      (25) 
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In Eq. (25), wφ  is a non-dimensional function, which depends only on the height, z, and the 
Monin-Obukhov stability length, L.  
The similarity function for the vertical turbulent velocity postulated by Wyngaard and Cote 
(1974) and suggested by Panofsky et al. (1977) can be expressed as  

 
1
3

*
1.25 1 3w z

u L
σ  = − 

 
.                                 (26) 

Equation (26) is based on the similarity theory and observational data. Under the conditions of 
free convection, buoyancy is the driving force, which, through the free convection in connection 
with the large-scale convective circulation, induces the horizontal motions (see Fig. 1). 
The following, through the Prandtl mixing length theory, shows that the standard deviation 
of the vertical turbulent velocity is related to the total horizontal wind stress. 
The convective velocity scale, w*, is expressed by Deardorff (1970) as 

 
11
33

* *.i
o i

zgw H z u
T kL

  ≡ = −   
   

.                            (27)  

Where T is the temperature of air, Ho is the surface heat flux, and zi is the depth of the mixed 
layer. The appropriate scaling parameters for the mixed-layer similarity are the convective 
velocity, w*, and the mixing height, zi. 
By using the definition of the convective velocity, w*, in Eq. (27), Eq. (26) becomes 

 ( )
1

3 3 3
* *1.25w u wσ γ= + ,                                  (28) 

where γ is an empirical constant. It also can be specified as γ = 3kε and ε = z/zi, the ratio of 
the surface boundary layer to the mixed-layer height, where k is the von Kármán constant 
and ε is commonly specified to be 0.1 (Troen and Mahrt, 1986). 
In the limit of free convection, the friction velocity approaches zero and the component of 
vertical turbulent velocity, σw, in Eq. (28), becomes  

 
1

2 3
* *' 1.25 0.6w w w wσ γ= = ≈ .                            (29) 

From Eq. (29), we obtain the value of 0.11 for γ. If we set the value of ε = 0.1, then we obtain 
the value of 0.12 for γ in Eq. (28).  
According to the Prandtl mixing length theory, the eddy diffusivity for momentum can be 
written as  

 m wK Ckzσ= ,                                      (30) 

where C is a constant to be determined and Km is related to the wind stress by definition. 
Substituting Eq. (28) into Eq. (30), we obtain  

 ( )
1

3 3 3
* *mK C kz u wγ′= + ,                                 (31) 
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where C′ is a constant. Under the neutral condition, C′ is equal to 1. Therefore, Eq. (31) 
becomes 

 ( )
1

3 3 3
* *mK kz u wγ= +  .                                (32) 

From the above equation, now for convenience, we define a new velocity scale, ws, as  

 ( )1/33 3
* *sw u wγ= + .                                   (33) 

Then Eq. (32) becomes 

 *m sK kzu kzw= = ,                                   (34) 

where *u  is the total friction velocity.  
Therefore, from Eqs. (33) and (34), the total stress or the square of friction velocity, *u , can 
be written as 

 ( )
2

2 3 3 3
* * *u u wγ= + .                                   (35) 

Eq. (35) shows that the free convection represented by the convective velocity, w*, will 
induce the surface stress, 2

*uτ ρ=  , as proposed by Businger (1973). Eq. (35) can be used to 
calculate the surface roughness length. The Abdella and D’Alessio derivation of the 
roughness length formula is much more complicated and involves more assumptions 
(Abdella and D’Alessio, 2003). The present derivation confirms the Abdella and D’Alessio 
formulation (see Eq. (1)) and is much simpler than their derivation. 
The above approach is consistent with the concept of gustiness produced by large eddies in 
connection with the convective circulation (see Fig. 1, Schuman, 1988, and Sykes et al. 1993 
for details). In the following section, we derive the relationship between the convection-
induced wind stress and the convective velocity using this concept. 

4.2 Horizontal velocity variance and gustiness 
In this section, the horizontal turbulent velocity representing the gustiness is used to obtain 
the relationship between the convection-induced stress and the convective velocity, which in 
turn can be used to estimate the surface roughness length. 
In convective conditions, it has been found that the gustiness, the large-scale turbulence, 
will enhance the wave growth and the energy transfer from wind to wave (see Janssen, 
1989).  
In free convection conditions, the fluctuations of the horizontal wind velocity are controlled 
primarily by the large-scale convective circulations in the convective boundary layer (CBL) 
(see Fig. 1). Therefore, the relationship between the standard deviations of the horizontal 
turbulence components and the convective velocity can be expressed as (e.g., see Fairall et 
al., 1996) 

 2 2 2 2
*u v wσ σ β+ = ,                                    (36) 
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where the gustiness parameter β is an empirical constant, σu and σv are the standard 
deviations of horizontal turbulent velocity components, respectively, and w* the convective 
velocity. A value of β (=1.25) was determined from the Moana Wave measurements of the 
horizontal velocity variances (Fairall et al. 1996). However, according to Businger (1973), in 
the limit of free convection, as the mean “friction velocity”, u* (or the mean wind stress, 
ρau*2), and the horizontal mean wind speed, averaged over an area, approach zero, close to 
the ground, the fluctuations of horizontal velocity induced by the large-scale convective 
circulations locally promote a convection-induced stress. The standard deviations of 
horizontal turbulent velocity components that represent the fluctuations of horizontal wind 
speed will produce the horizontal-induced wind stress. Under convective conditions, the 
standard deviation of horizontal turbulent velocity is related to the surface friction velocity 
(see e.g., Monin-Yaglom, 1971; Businger, 1973); therefore, we express the relation between 
the velocity variances and the convection-induced friction velocity u*f or the velocity scale 
( ws = u*f) as  

 2 2 2
2 *u v fuσ σ β+ = ,                                    (37) 

where β2 is an empirical constant. For example, under convective conditions, the velocity 
variances are estimated to be σu/u*f ≈ 2.1 and σv/u*f ≈ 2.0 for the Monin-Obukhov stability 
parameter of z/L = - 0.6 (see Monin and Yaglom , 1971); therefore, in this case, we obtain a 
value of β2 = 8.41. This value is used in this study. 
From Eqs. (36) and (37), we have the convection-induced stress ( 2

*f fuτ ρ= ) as  

 
2

2 2 ' 2
* * *

2
fu w wβ γ

β
= = ,                                   (38) 

where γ’ is an empirical constant and is estimated to be γ’ = β2/β2 = 0.19 from Eq. (38), the 
value of γ’ (=γ2/3 = 0.23) has also been estimated above in Section 4.1. Eq. (38) is consistent 
with the concept of gustiness proposed by Businger (1973) and others (Schumann, 1988; 
Sykes et al., 1993). Under strong convection conditions, the production of turbulent energy 
due to buoyancy force is more effective than the shear production of turbulent energy. That 
is, under free convection, the convective velocity is an important scaling parameter that has 
been recognized by Deardorff (1970).  

5. Effective total stress  

Over ocean waves, the effective total stress, τeff , above the sea surface can be partitioned into 
four parts: turbulent shear stress, τt; wave-induced stress, τw; convection-induced stress, τf; 
and viscous stress, τν. Thus the effective total stress is defined here as: 

 ( , ) ( ) ( ) ( ) ( )eff i t w f i vz z z z z zτ τ τ τ τ= + + + .                      (39) 

In the above equation, the effective total stress is a function of height, z, above the sea 
surface and the mixed layer height, zi, in the atmospheric boundary layer. The third term on 
the right-hand side of Eq. (39) has not hitherto been considered. That is under the free 
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convection and in the absence of swell, τeff is equal to τf (i.e., τeff = τf). The value of the 
convection induced stress is equal to τf /ρa = γ’w*2 = 0.2 if we set γ’ =0.2 and w* = 1. 
The momentum flux corresponding to each term in Eq. (39) can be written in the form: 

 2 2 2 2 2
* * * * *eff t w fu u u u u ν= + + + .                              (40) 

Omitting the convection-induced stress, τf, in Eq. (39), the effective total stress reduces to 
(see Phillips, 1966, p. 93): 

 ( ) ( ) ( ) ( )t w vz z z zτ τ τ τ= + + .                             (41) 

On the basis of the conservation of momentum flux in the marine atmospheric surface layer, 
the total stress is independent of height, i.e., one assumes that the flow is in a steady state, 
with horizontal homogeneity in the surface boundary layer (see e.g., Phillips, (1966); Janssen 
(1991); the WAM model). It is commonly assumed that the total stress (both turbulent and 
wave momentum and energy) is constant in the atmospheric surface layer, which is usually 
considered as about the lowest 10 – 30 m above the sea surface.  
 

 
Fig. 2. Distribution of turbulent stress, viscous stress and wave-induced stress as a function 
of height. The contribution of viscous stress is not shown because it is smaller than 5%. 
(From Janssen, 1989). 

Figure 2 shows the distribution of turbulent stress, viscous stress and wave-induced stress 
as a function of height, the change of each term in Eq. (41) with height. According to Phillips 
(1966), the viscous stress can be neglected, except possibly very near the water surface. The 
wave-induced stress is important only in the wave boundary layer (WBL; see Janssen, 1989). 
Near the water surface, the wave-induced stress would be significant; however, it decays 
rapidly with height in the surface layer. Well above the water surface, the wave-induced 
disturbance vanishes (see Phillips, 1966; Makin and Kudryavtsev, 1999; and Makin, 2008). 

6. Modification of the charnock wind stress formula 
The surface roughness length, zo, will be shown to relate to the friction velocity, wave-
induced friction velocity, and convective velocity. The well-known Charnock wind stress 
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formula is a relationship between the surface roughness length over the sea and the wind 
stress or momentum flux; it is expressed as (Charnock, 1955) 

 
2
*
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uz
g

α= ,                                       (42) 

where the parameter α = αch is the Charnock constant with the value ranging from 0.011 
(Smith, 1980, 1988) to 0.035 (e.g., see Garratt, 1977; 1992, Table 4.1). Charnock (1955) 
postulated the roughness-wind stress formulation in Eq. (42) on the basis of a dimensional 
argument. In the Charnock wind stress relation, Eq. (42), the roughness length depends only 
on the friction velocity and the gravitational acceleration; the buoyancy effect due to thermal 
convection is ignored. In this paper, we have shown that under strong convection, the 
roughness length also depends on the convective velocity (see Section 4). 
The dependencies of the surface roughness length on the convective velocity, the wave age, 
and the effect of the wave-induced stress or swell are investigated in the following sections. 

6.1 General Charnock relation and free convection 
A general formula for the Charnock relation and the free convection is discussed in this 
section.  

6.1.1 General Charnock relation 
In this section, we focus on the effect of free convection on the surface roughness. The 
general equation for the Charnock relation is obtained by replacing the friction velocity scale 
(u*) in the Charnock relation, Eq. (42), with the effective total friction velocity, u*eff, in Eq. 
(40) or the vertical velocity scale, ws, which is a combination of the friction velocity and 
convective velocity. Therefore, the Charnock formula is also applicable under the conditions 
of free convection.  
Substituting Eq. (40) into Eq. (42) and neglecting the viscous stress for the moment, we have 
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where ρa is the density of air. Taking the flow over the aerodynamically smooth surface into 
consideration by including the viscous term, the equation for the surface roughness, Eq. (43), 
becomes 
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The above equation includes the effect of the wave-induced stress or swell on the surface 
roughness (see Section 6.3 and 6.4 for more information), and ν is the kinematic viscosity 
(molecular) of air. 
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The velocity scale as shown in Eq. (33) also includes the effect of buoyancy that will enhance 
the surface roughness length. By substituting the vertical velocity scale, ws, in Eq. (33) or the 
total friction velocity in Eq. (35) into the Charnock formula (42) for the friction velocity, u*, 
we obtain: 

 ( )2/33 3
* *oz u w

g
α γ= + ,                                   (45) 

where the value of γ is equal to 0.11. Eq. (45) reduces to the Charnock relation (42) if the free 
convection term is neglected.  
In comparing Eq. (45) with Eq. (43), if we identify the friction velocity in Eq. (45) with the 
total stress, τ/ρa = u*2 (the friction velocity is related to the wind stress) in Eq. (43) and 
incorporate the viscous effect, then Eq. (45) or Eq. (44) becomes 
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                          (46) 

The surface roughness length is dominated by short gravity waves for relatively high wind 
speed. For light winds, the term 0.11 ν/u* should be added to Eq. (44) or Eq. (46), as 
suggested by Smith (1988), where ν = 1.5 x 10-5 m2/s is the kinematic viscosity of air. This 
term is for the air flow over an aerodynamically smooth surface. The wave-induced stress 
usually decreases rapidly with height (see Fig. 2.); therefore, for the height far above the sea 
surface (above the WBL), u* ≈ u*t (see Phillips, 1966; Makin and Kudryavtsev, 1999; and 
Makin, 2008). The negative sign in Eq. (46) indicates that the upward transfer of momentum 
flux from the sea surface to the atmosphere is due to the wave effect. The addition of the 
viscous term in Eq. (46) is to show that Eq. (46) reduces to Smith’s formulation (see Eq. (50) 
below). 
In light wind conditions, swell may influence the roughness length and the momentum 
transfer. The Charnock parameter in reality is not a constant; it depends on the wave age 
and may also be influenced by the presence of swell. The effects of the wave age and the 
wave-induced stress or swell on the Charnock parameter are discussed in Sections 6.2, 6.3, 
and 6.4, respectively. 

6.1.2 Free convection  
Equation (46) is a general equation for determining the surface roughness length for the 
flow over the sea. Thus, we have extended the Charnock wind stress formula to include the 
conditions of free convection and the wave effect (see Sections 6.3 and 6.4).  
In the free convection limit, the horizontal mean wind speed and the shear stress vanish; 
therefore, the surface roughness length in Eq. (45) becomes 
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Where γ’ = γa is a constant, which is equal to 0.19 to 0.23 (see Section 4). Eq. (47) shows that 
the surface roughness length is generated under free convection. Eq. (47) has also been 
proposed by Abdella and D’Alessio (2003); they give a value of 0.15 for γ’.  
Here we give two examples to show the effect of free convection on the sea-surface 
roughness. If we set γ’ = 0.23 and α = 0.015, and, in addition, if we assume that w* = 1 m/s, 
from Eq. (47) we have the surface roughness length zo = 3.5x 10-4 m. If we set w* = 0.5 m/s, 
we have zo = 9 x 10-5 m .   
For illustration, the variation of the surface roughness length with the wind speed under the 
forced or free convection is plotted in Fig. 3, which shows that the surface roughness length 
is obtained from the Charnock wind stress formula, omitting the convective term in Eq. (45), 
and, in the free convection limit as the mean wind speed and shear stress approach zero, the 
surface roughness is obtained from Eq. (47).  
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Fig. 3. Variations of the surface roughness over the sea with wind speed at 10 m. The solid 
line (-) indicates the roughness length obtained from the Charnock relation (see Eq. 50 
below). The diamond symbol (♦) shows the roughness length for the free convection; the 
convective velocity here is set at 1 m/s. 

6.2 Effect of wave age  
The sea state controls the direction of momentum transfer and also influences the surface 
roughness. The wave age is often used to characterize the sea state, which is a measure of 
the sea state for wind wave development. The wave age parameter is defined as cp/U10, or 
cp/u* (In general the friction velocity, u* , increases with increasing the wind speed, U10.), 
where cp is the phase speed, the speed of wave, and U10 is the wind speed at 10 m height 
above the sea surface, is used as criteria to distinguish the wind sea from the swell. For pure 
wind sea or for a young wave, the wind speed is larger than the phase speed, i.e., cp/U10 < 
1.2, i.e., the wind is moving faster than the wave, while under swell conditions, the waves 
generated from distant storms travel faster than the wind speed, i.e., cp/U10 >1.2.  
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In reality, the Charnock constant, α, is not a constant; it also depends on the sea state. The 
Charnock constant, α, in the roughness length equation, Eq. (45) or Eq. (46), can be modified 
to better reflect the sea state. The effect of the sea state on the roughness can be modeled by 
expressing the Charnock constant as a function of the wave age (e.g., Smith et al., 1992) or 
the wave-induced stress (Janssen, 1989; 1991). A number of authors have suggested that the 
Charnock parameter α depends on the characteristics of the sea state in the developing stage 
of wind sea (e.g., Smith et al., 1992), specifically, the wave age, which may be expressed, for 
example, as 
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where cp is the phase speed of the dominant waves and cp/u* is the wave age. Young wave 
has small value of cp/u*, while old wave has large value of cp/u*. Several authors give 
different formulations for the function of wave age, f (cp/u*). Eq. (48) indicates that the 
young wave has the larger surface roughness, while the older, more mature wave has the 
smaller surface roughness. Smith et al. (1992) also suggested including the effect of wave age 
into the Charnock parameter, α. For example, the values of α3 = 0.48 and β3 = 1 are given by 
Smith et al. (1992), while Johnson et al. (1998) give the values of α3 = 1.89 and β3 = 1.59. 
Eq. (46), with the Charnock parameter α replaced by Eq. (48), becomes 
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Eq. (49) shows that the sea surface roughness length, zo, is related to the wind stress (u* = u*t), 
convective velocity, wave age, and air viscosity. Thus, in the free convection limit, the 
singularity in the Charnock relation is avoided, neglecting the viscous term in Eq. (49). If the 
effects of free convection and wave age on the surface roughness are neglected, then Eq. (49) 
becomes 
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This equation, suggested by Smith (1988), is commonly used to calculate the sea roughness 
length, zo, and hence to compute the surface fluxes over the ocean (e.g., Smith, 1988; also see 
Fairall et al., 1996). For an aerodynamically smooth surface, Eq. (50) reduces to 
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Eq. (51) corresponds to light wind conditions for flow over aerodynamically smooth surface 
(see Nikuradse, 1933). 

6.3 Effect of wave-induced stress 
Now, let us take a look at the contribution of the wave-induced stress, τw, in Eq. (39) or Eq. 
(40) to the total stress, τeff. 
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For old sea, the magnitude of the wave-induced stress is approximately 10% of the total 
turbulent stress (see Phillips, 1966; Janssen, 1989). In the atmospheric surface layer (or the 
WBL) the wave-induced stress usually decays rapidly with height (Janssen, 1989; (see 
Phillips, 1966; Makin and Kudryavtsev , 1999; and Makin , 2008) (see Section 6.3.1. below for 
further discussion). 

6.3.1 Wind sea and wave-induced stress  
The wave-induced stress may influence the surface roughness. To take into consideration 
the effect of wave-induced stress on the roughness length, Janssen (1989; 1991) suggested 
modifying the Charnock constant, α by including the wave-induced stress. This approach 
has been implemented in the wave model (WAM; WAMDI, 1988). The WAM model is 
widely used in predicting the characteristics of the surface wave. 
In the ocean wave modeling, the effect of waves on the surface roughness is usually 
accommodated through the parameterization of the Charnock “constant” (see Eq. (52) 
below). The Charnock parameter has been used successfully in the WAM model in the 
prediction of ocean waves and the effect of wind waves on the transfer of fluxes. 
Now, let us consider the effect of the wave-induced stress on the Charnock parameter. 
Janssen (1991) suggested modifying the Charnock parameter by including the effect of the 
wave-induced stress on the surface roughness. Thus, Eq. (44) can be written as  
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where 
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where αch is the Charnock constant. The value of α in Eq. (52) is the modified Charnock 
constant; it includes the effect of the wave-induced stress that depends on the wave age. In 
the Charnock relation, α is equal to αch = 0.0144 (see Janssen, 1991, p.1634), while in a coupled 
ocean-wave-atmospheric model, the value of αch  = 0.01 is used (WAM; WAMDI, 1988). The 
WAM model is widely used to forecast the characteristics of ocean wave at meteorological 
centers around the world.  
Substituting Eq. (53) into Eq. (45) or Eq. (46), we obtain  
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Under strong convection, the second term on the right-hand side of Eq. (54), the convection-
induced stress, is the dominant term. If we neglect the convection-induced stress and the 
viscous stress, then Eq. (54) becomes  
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where the wave parameter, η, is defined as ηeff = τw/τeff; and the effective wave parameter is 
the ratio of the wave-induced stress, τw, to the effective total stress. This wave parameter, η, 
depends on the wave age and decreases with increasing wave age. The typical value of η is 
about 10% to 20% (see Phillips, 1966; Phillips, 1977; Janssen, 1989). Phillips (1966) and 
Janssen (1989) suggested that the total stress for old sea is, in general, |τw/τ| ≤ 0.2 and that, 
with the wind speed less than 2.5 m/s at the height of 10 m, the value of η for old sea is 
about 10% of the total stress (Phillips, 1966; Janssen, 1989). These values indicate that the 
effect of wave-induced stress on the value of the Charnock parameter is about 10%; that is, if 
we assume that, | τw/τ| ≤ 0.2, a change of 20% in the wave-induced stress will result in the 
departure of about 10% from the Charnock constant, αch.  
The direct impact of swell-induced momentum and energy fluxes are confined in the WBL, a 
thin layer near the water surface for light winds (see Janssen, 1991; Makin and Kudryavtsev, 
1999; Makin, 2008). In their theory, the wave boundary layer is in the order of O (1 m), a value 
less than 10 m. They suggested the height of the WBL is 10 m (Makin and Kudryavtsev, 1999, 
p. 7615) which is a good estimate (in their Fig. 2, the WBL is much lower and about 1-2 m). The 
wave-induced stress is exponential decay with height in the WBL, e.g., f(z) → 0 at z → δw 
(WBL) (see Makin, 2008, p.472; also see the critical layer theory by Miles, 1957).  
Thus, the Charnock relation can be considered as a good approximation for moderate wind 
speeds, that is,  α ≈ αch, in view of the variability and uncertainty of the data.  
In the following section, we consider the effect of swell on the surface roughness. 

6.4 Swell effect 
Swell is the long gravity waves generated from distant storms. It is common practice to 
assume that for the air flow over the ocean, under neutral conditions and in the absence of 
swell, the vertical distribution of the mean wind follows the well-known logarithmic wind 
profile. Davidson’s data were obtained under the influence of heavy swell (Davidson, 1974). 
Davidson’s formulation of the drag coefficient under swell conditions (Davidson, 1974) can be 
used to transform the wave-dependent formula of the drag coefficient into the following form: 
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 ' 1/20.13 /oCd kβ = .                                 (56-3) 

where Cdo is the drag coefficient in the absence of wave effect, β’ an empirical constant, cp the 
phase speed at the peak frequency, cp/u* the wave age, and αo another empirical constant. 
Eq. (56-1) shows the effect of wave age or swell on the drag coefficient. In Eq. (56-1), the 
drag coefficient, Cd, is expressed in terms of the drag coefficient Cdo and the relative wave 
age, cp/u* - αo, that is the wave age relative to the value of an empirical constant αo. The drag 
coefficient Cdo. in Eq. (56-2) is a result of the logarithmic wind profile under the neutral 
condition and zoch is the corresponding surface roughness. According to Large and Pond 
(1981), the expected average value of Cdo = 1.3x10-3 and thus from Eq. (56-3), we obtain the 
value of β’ = 0.012. A value of wave age, cp/u*, near 25 is associated with minimal wind-wave 
coupling influence (see Davidson, 1974). Therefore, we set the value of αo = 25, which 
implies that when the wave age is equal to 25, cp/u* = αo, the drag coefficient Cd is equal to 
Cdo which is in the absence of swell effect. Theoretical justification of Eq. (56-1) is given by 
Brutsaert (1973). Eq. (56-1) indicates that when the wave age is greater than 25, i.e., cp/u* > 
αo, the drag coefficient Cd decreases with increasing wave age; this condition corresponds to 
the older sea. When the wave age is less than 25, i.e., cp/u* < αo, the drag coefficient Cd 
increases with decreasing wave age; this condition corresponds to the younger sea or 
developing waves. 
By using Eq. (52) and from Eq. (56-1), we obtain the following equation for the surface 
roughness in a more general form:  
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Where β* is an empirical constant and is equal to β* = kβ’/cdo1/2 = 0.13. Eq. (57-2) implies that 
the modified Charnock parameter, α, or the non-dimensional roughness, and hence the 
surface roughness length, decrease with increasing wave age for cp/u* > αo. Therefore, the 
singularity of the surface roughness is removed when the turbulent shear stress approaches 
zero, as indicated in Eq. (46) or Eq. (57-1) (if the viscous term is neglected). The non-
dimensional roughness in Eq. (57-3) is for the value of |β(cp/u* – α)| < 1. 
For young or developing waves, Toba et al. (1990) proposed the following formula for the 
non-dimensional surface roughness 
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where γ* is an empirical constant and is equal to 0.025. For young and growing waves, the 
non-dimensional surface roughness is also dependent on the wave age, cp/u*, in the form as 
indicated in Eq. (58), and furthermore, the non-dimensional roughness length is also related 
to the Charnock parameter, i.e., gzo/u*2 = α; therefore, from Eq. (57-2) and Eq. (58), the non-
dimensional roughness length can be expressed in the following functional form 
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Where q’ is an empirical constant that can be obtained from the experimental data. We 
obtain the value of q’,= 0.001 (= γ*e-24β*) by setting the wave age to cp/u* = 1 and fitting the 
curve through the cluster of the observational data (see Fig. 4.).  
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Fig. 4. Dependency of the non-dimensional roughness gzo/u*2 on the inverse wave age u*/cp. 
Data are the collection of Donelan et al. (1993). Dotted line is from Volkov (2001), thin line 
from Eq. (59), and solid line in the presence of swell Eq. (57-2). 

The semi-empirical formulas of the surface roughness suggested by Volkov (2001) are 
expressed as follows 
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In Eq. (60-2), it is assumed that the non-dimensional roughness is a constant value of gzo/u*2 
= 0.008 for the wave age cp/u* > 35, which implies that even under the conditions of swell, 
the non-dimensional roughness is a constant value of 0.008. Eq. (60-1) is the non-
dimensional roughness in the absence of swell. The comparison of Eq. (59) and Eq. (60-1) 
with experimental data is given in Fig. 4; the experimental data were collected by Donelan 
(1993). The two datasets by Davidson (1974) and by Donelan et al. (1993) were obtained 
under the influence of heavy swell. The Atlantic Ocean data are dominated by swell (see 
Fig. 4 and Donelan et at., 1993). Eq. (59) was derived from the wave-dependent formulation 
of Davidson. The theoretical justification was also provided by Brusaert (1973). 
As can be seen from Fig. 4, the result obtained from Eq. (59) is remarkably close to the 
roughness formula (Eq. 60-1) proposed by Volkov (2001), considering the different 
approaches used to derive the surface roughness lengths; the two curves are almost identical 
to each other. However, under the conditions of strong swell, the two curves diverge 
significanly. It appears that Eq. (57-2) has the better fit to the experimental data. The data in 
Fig. 4 show that under the influence of swell, the surface roughness is much less than the 
value of 0.008 proposed by Volkov (2001). That is, under the influence of heavy swell, Eq. 
(57-2) shows that the sea surface is very smooth, much smoother than suggested by Volkov 
(2001), i.e., there exits a “super” smooth sea surface. 
Equations (35), (38), (39), (46), (49), (54), (56), (57), and (59) are the main results of this paper. In 
theory, the total stress is controlled mainly by the short to moderate gravity waves, the large 
eddies associated with the convective activity, the wave-induced stress, or the swell. For 
moderate wind speeds, the Charnock relation is a good approximation for the estimate of the 
surface roughness length. Under the conditions of swell, part of momentum flux may be 
transferred from the ocean to the atmosphere. The swell also has influence on the surface 
roughness and the total stress. Eq. (57) and Eq. (59) imply that the wave-induced stress is to 
modulate the Charnock parameter. For young and developing waves, the surface roughness 
increases, while for old sea with large wave age, the wave damping occurs. Abdella and 
D’Alessio (2003) conducted numerical experiments using the second-order turbulence closure 
scheme and the convection–induced stress in the Charnock relation; their results of sea surface 
temperature and heat content obtained from the model simulations are in good agreement 
with the observations. The equations (57-2) and (59), the non-dimensional surface roughness 
under the influence of swell, are for the first time theoretically derived in this study.  
Concerning the practical applications of the proposed formulation for the surface roughness, 
it has been demonstrated that the approaches similar to the proposed approaches have 
already been used for practical applications, for examples, Janssen’s formulation used in 
WAM model (the European Centre for Medium-Range Weather Forecasts (ECMWF); 
Hasselmann et al., 1988) and numerical simulations conducted by Abdella and D’Alessio 
(2003) under the light wind conditions. These results are in good agreement with the 
observational data. 
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7. Summary and conclusions 
The Charnock wind stress formula is well known and has been widely used for the study of 
the air-sea interaction. In his formula, Charnock (1955) considered only forced convection 
and did not consider two other important physical processes that affect the surface 
roughness: free convection and swell. A parameterization of surface roughness length for 
the air-sea interaction in free convection has been suggested by Abdella and D’Alessio 
(2003). In the free convection limit, as the horizontal mean wind speed and the friction 
velocity vanish, the well-known Charnock wind stress formulation is inadequate and the 
traditional Monin-Obukhov similarity theory breaks down. According to Deardorff (1970), 
under free convection conditions, the convective velocity is an important scaling parameter; 
in the parameterization of the surface roughness, the velocity or the relevant similarity 
variables should be scaled by the convective velocity rather than the friction velocity. In free 
convection, the large-scale convective eddies in connection with the convective circulations, 
which are expected to reach near the surface, would induce the “virtual” surface wind 
stress, the so-called convection-induced stress, that, in turn, contributes to the increase of 
surface roughness.  
In this study, two alternative approaches were used to derive the surface roughness length. 
In the first approach, we derived a new parameterization scheme of the sea surface 
roughness for the conditions of the forced and free convection based on the Prandtl mixing 
length theory and the standard deviation of the vertical turbulent velocity. In the derivation 
of this new parameterization scheme, first we introduced a new velocity scale, which 
squared value is equal to the “total stress” and is a combination of the friction velocity and 
the convective velocity. We then showed that, by replacing the friction velocity in the 
Charnock formula with the new velocity scale or the effective friction velocity, the Charnock 
formula can be extended to include the conditions of free convection, that is, to show that 
the surface roughness length depends on a new velocity scale, which is a combination of the 
forced convection and free convection. The second approach is based on the standard 
deviations of the horizontal velocity components to derive the relationship between the 
friction velocity and the convective velocity, which can be used to estimate the surface 
roughness length. This approach is consistent with the concept of gustiness proposed by 
Businger (1973) and others (see Schumann, 1988 and Sykes et al. , 1993). Friction velocity 
and convective velocity are also used as scaling parameters. Wind stress is in the horizontal 
direction that represents friction velocity; therefore, in a sense friction velocity (stress) and 
convective velocity are perpendicular to each other. 
The dependence of the roughness length on the sea state and the effect of the wave-induced 
stress or the swell on the roughness length are also investigated in this paper. The influence 
of the wave-induced stress or the swell on the surface roughness is taken into account by 
modifying the Charnock parameter that  depends on the wave age. For moderate wind 
speeds, the Charnock relation is a good approximation for the estimate of the surface 
roughness length. Abdella and D’Alessio (2003) performed the numerical simulations 
including the convective velocity; they showed that their results of sea surface temperature 
and heat content are in good agreement with the observations. For young and developing 
waves, the wave-induced stress enhances the surface roughness; the surface roughness in 
the absence of swell derived in this paper is remarkably close, almost identical to the wind 
stress formula proposed by Volkov (2001). However, in this paper, the proposed formula for 
the aerodynamic roughness in the presence of heavy swell, deviated significantly from 
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Volkov’s formula, is for the first time theoretically derived and substantiated by 
experimental data; it shows that the surface roughness depends on the relative wave age. 
The results are in better agreement with experimental data. The results show that under the 
influence of heavy swell, there exists a very smooth sea surface, a “super” smooth sea 
surface, much smoother than that, a constant value, as suggested by Volkov (2001). 
Therefore, in this study, we have extended the Charnock wind stress relation to the forced 
and free convection in the presence of swell. An advanced wind-wave and atmospheric 
boundary layer measurement system has been deployed to an offshore oil platform in the 
Gulf of Mexico (Huang et al., 2011). The data collected from this wind-wave measurement 
system may shed additional light on this subject and further elucidate the behavior of air 
flow over ocean waves and the physical processes of the air-sea interaction. 
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1. Introduction 
Quite often, researchers model a flow as dynamically incompressible without realizing it. 
This version of the governing equations has been employed to model exhaust aftertreatment 
devices since the initial work of Vardi and Biller in 1968 (Vardi & Biller, 1968). The small 
channels in these devices, along with a relatively low flow rate of exhaust gases coming 
from the engine, promote laminar flow with a speed of approximately one to ten meters per 
second. This speed is well below the compressible threshold of around 100 m/s or a Mach 
number of 0.3. As a result, the chemical species equations can be decoupled from the energy 
equation promoting a computationally faster and easier to program numerical model. While 
this assumption is indeed valid in this example, only a few researchers have directly stated 
that the gas is being modeled as dynamically incompressible (Byrne & Norbury, 1993; 
Depcik et al., 2010). In fact, when this concept is mentioned, reviews of the main author’s 
submitted work in this realm often come back confused as to its meaning. The reviewers 
wonder how a gas, which is inherently compressible, can be modeled as incompressible. The 
key wording for this type of situation is “dynamically” incompressible. To clarify this 
situation, this chapter provides a thorough investigation into this modeling phenomenon. 
The efforts begin by explaining the threshold by which a gas can be treated as dynamically 
incompressible. Dynamic incompressibility differs from incompressibility ( )constantρ =  by 
the fact that the density of the gas is considered as being approximately constant 
( )constantρ ≈ . This small change in equal to approximately equal sign has a large bearing 
on the results. From this assumption, the governing equations of flow are re-derived adding 
in this assumption in order to provide the proper fundamental versions of these equations 
for modeling. Of significant importance, when the Law of Conservation of Energy is 
formulated, an Energy Equation paradox ensues. In particular, two apparently equally valid 
versions of this equation are found. From this result, this work provides a unique insight 
into this paradox and indicates the correct description. Moreover, the governing equation of 
chemical species is included in this chapter, as it not often presented in fluid mechanics 
books; however, it is important for modeling chemically reactive flow, such as the situation 
with catalytic exhaust aftertreatment devices. 
After describing the governing equations, the failure of this approximation is presented in 
order for the reader to understand when a model can provide inaccurate results. Finally, this 
chapter documents a specific example that can lead to highly erroneous results if a modeler 
does not comprehend the influence of the dynamically incompressible assumption on 
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reacting flows. As a result, this chapter will provide a helpful tool for others when they 
begin their usage of this version of the fluid mechanics equations. 

2. Law of conservation of mass 
Conservation of mass is derived from a differential control volume as indicated in Fig. 1. 
The differential amount of mass (δm) given within the control volume is a function of the 
product of the fluid density (ρ) and volume (V): 

 mδ ρδ=    (1) 

with the differential volume indicated as: 

 dxdydzδ =  (2) 

It is important to note that all derivations that follow in this chapter, the differential control 
volume does not change with respect to time. 
At each side of this control volume, a mass flux enters and exits the respective control 
surfaces as a function of local velocity conditions where u, v, and w represent the velocity in 
the x, y, and z directions respectively. The net mass flux is represented in the x-direction as 
shown in Fig. 1 as:  

 ( ) ( ) ( )Net Mass Flux
u u

x u dx u dydz dxdydz
x x
ρ ρ

ρ ρ
  ∂  ∂

= + − =  ∂ ∂   
 (3) 

 

 
Fig. 1. Mass fluxes through a differential control volume. 

In other words, the mass flux changes over the differential control surface in each direction 
are written as a function of its respective derivative in that direction. Hence, the change in 
mass flux in the x-direction in the previous equation is equal to: 
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 ( ) ( )u
u dx

x
ρ

ρ
∂

Δ =
∂

 (4) 

with partial derivatives indicated because each variable is a function of all three 
dimensions. The change in slope of the x-direction mass flux is multiplied over the 
distance which the slope changes in order to calculate the difference in mass flux in that 
respective direction. 
In the absence of nuclear reactions, conservation of mass states that there will not be a 
change in mass encompassing the control volume. Hence, the difference of mass within the 
control volume as a function of time is balanced by the net flow of mass through the control 
volume during a certain amount of time: 

 Net Mass Flux 0m
t

δ
δ

+ =  (5) 

Written in differential format, this equation becomes: 

 
( ) ( ) ( ) 0

u v w
dx dydz dy dxdz dz dxdy

t x y z
ρ ρ ρρ δ

 ∂  ∂ ∂ ∂ + + + =    ∂ ∂ ∂ ∂    
  (6) 

Dividing through by the differential control volume, the conservation of mass is described 
as: 

 
( ) ( ) ( ) 0

u v w
t x y z

ρ ρ ρρ ∂ ∂ ∂∂ + + + =
∂ ∂ ∂ ∂  (7) 

This can be written in vector format for simplicity as: 

 ( ) 0
t
ρ ρ∂ + ∇ ⋅ =

∂
V  (8) 

where the vector V is equal to [u v w]; 
This version of the conservation of mass is known as the conservative formulation as all 
variables are embedded within the partial derivatives. However, it is often represented in 
non-conservative format by first expanding the derivatives: 

 0u v wu v w
t x x y y z z
ρ ρ ρ ρρ ρ ρ∂ ∂ ∂ ∂ ∂ ∂ ∂+ + + + + + =

∂ ∂ ∂ ∂ ∂ ∂ ∂  (9) 

and incorporating the definition of divergence in velocity along with the material derivative: 

 0D
Dt

ρ ρ+ ∇ ⋅ =V  (10) 

Both versions of the conservation of mass have their place in numerical analysis for 
incompressible and compressible flows. In this next section, the criterion for incompressible 
flow is described. 
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3. Mach number criterion 
A fluid can either be considered incompressible or compressible depending on the 
interrelationship between pressure, density, velocity and temperature. Liquids and solids 
are nearly always incompressible as their density remains relatively constant independent of 
variations in these variables. An exact incompressible fluid has the properties of an infinite 
sound speed, where a pressure disturbance is felt everywhere within the fluid at each 
instant in time. Gases are compressible since their density changes as a function of pressure 
and temperature; often related through the ideal gas law. However, a fluid can be 
considered dynamically incompressible when the speed of sound (aka low-amplitude pressure 
waves) is significantly faster than the velocity of the working fluid. In this case, the pressure 
and temperature are not directly related to the density of the medium and a simplification of 
the governing equations can occur (Kee et al., 2003). 
In the study of fluid dynamics, aerodynamicists define a non-dimensional parameter after 
Ernst Mach that relates the fluid velocity to the speed of sound: 

 M
a

= V  (11) 

This parameter helps normalize different working fluids and relate their effects to different 
flow conditions. As a result, here it will help designate the conditions of incompressible flow 
independent of the working fluid. 
The conservation of mass, equation (8), assuming incompressible flow, results in the 
following governing equation: 

 ( ) 0ρ∇ ⋅ =V   (12) 

By explaining in one-dimension for simplicity, the advection component now equals: 

 ( ) ( ) 0
u

x
ρ

ρ
∂

∇ ⋅ → =
∂

V  (13) 

and further expanding the derivative in non-conservative format recovers: 

 ( ) 0
u u u

x x x
ρ ρρ

∂ ∂ ∂= + =
∂ ∂ ∂

 (14) 

For density to be constant, the second term must be small compared to the first term: 

 u uu
x x u
ρ δρ δρ

ρ
∂ ∂


∂ ∂
   (15) 

A process of similarity can be used to compare both differential components in equation 
(15), given small changes in their respective components. This equation indicates that 
compressibility needs to be considered only when velocity variations are responsible for 
density variations. 
The speed of sound (a) is given by the following thermodynamic relationship under 
isentropic situations: 
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 2

s

p pa δ
ρ δρ

∂ 
= ≈ ∂ 

 (16) 

which is then converted similarly to equation (15) into small changes of the respective 
variables. 
Pressure is then related to the velocity by using Bernoulli’s equation for irrotational, one-
dimensional flow when elevation changes are negligible: 

 p u uδ ρ δ≈ −  (17) 

Combining the three equations elucidates the condition for velocity below which flow can 
be considered to be incompressible: 

 
2

2
2 M 1u

a
=   (18) 

Experimental observations indicate that the following condition can typically be assumed to 
indicate the limit of dynamically incompressible flow: 

 M 0.3≤  (19) 

Therefore, when the Mach number is relatively small, it is reasonable to utilize the dynamic 
incompressibility assumption for the governing equations of fluid dynamics. From this 
result, the governing equation of continuity is simplified from equation (10) to:  

 0∇ ⋅ =V  (20) 

The divergence of velocity in this equation ( )∇ ⋅ V  is the time rate change of volume of a 
moving fluid element, per unit volume. Equation (20) means that the change in volume 
(volume dilation) of the fluid element is zero. This result is consistent with equation (1); i.e., 
if density and mass are constant, the volume is required to be constant. Written out 
explicitly using directional variables, the divergence of velocity is given as: 

 0u v w
x y z

∂ ∂ ∂∇ ⋅ = + + =
∂ ∂ ∂

V  (21) 

4. Law of conservation of momentum 
Consider a fluid element subjected to body forces caused by gravitation, and to surface 
forces like pressure and shear stresses caused by fluid friction as shown in Fig. 2. From 
Newton’s second law of motion, the time rate of change of momentum of a body (mV) 
equals the net force (F) exerted on it:  

 ( )d m
dt

=F V  (22) 

where the left hand side represents the forces exerted on the body and the right hand side is 
the time rate of change and net flow of momentum within the control volume.  
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Fig. 2. Forces acting on a control volume, with only x-direction illustrated. 

In the absence of external forces, the time rate of change of momentum inside the control 
volume would be balanced by the momentum flux entering the control volume during a 
certain amount of time (analogous to the conservation of mass): 

 ( ) Net Momentum Flux 0
m

t
δ

δ
+ =

V
  (23) 

Since the mass entering the control volume on each side brings along with it a respective 
amount of momentum from all three directions, the momentum flux can be derived in a 
similar manner as the net mass flux as: 

 ( ) ( ) ( )Net Momentum Flux
u u

x u dx u dydz dxdydz
x x

ρ ρ
ρ ρ

  ∂  ∂
= + − =  ∂ ∂   

V V
V V   (24) 

For example, the x-momentum equation would equal, in the absence of external forces: 

 ( ) ( ) ( ) ( ) 0
u uu uv uw

dx dydz dy dxdz dz dxdy
t x y z

ρ ρ ρ ρ
δ

 ∂ ∂  ∂ ∂ 
+ + + =    ∂ ∂ ∂ ∂    

   (25) 

utilizing equations (1) and (23).  
Hence, the total change of momentum inside the control volume for all three-dimensions via 
the right hand side of equation (22) equals: 

 ( ) ( ) ( )d m
dt t

ρ
δ ρ δ

∂
→ + ∇ ⋅

∂
V

V VV S   (26) 

where δS  is a vector indicating the control surface in the respective direction: 

 xS dydzδ = ; yS dxdzδ = ; zS dxdyδ =  (27) 
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The forces on this fluid element are broken up into those that act at a distance, caused by 
force fields acting through space proportional to the control volume (body), and shear and 
strain forces (surface) that include both normal and tangential components proportional to 
the area: 

 B S= +F F F  (28) 

where FB are body forces and FS are surface forces in the above equation. 
Body forces in this case include only gravity: 

 ( )B ρδ=F g  (29) 

where g is a vector oriented in the direction of the solved equation. Other body forces do 
exist like electromagnetic forces; however, these forces are beyond the scope of this chapter. 
The surface forces act on the boundary of the control volume and are applied by external 
stresses on the sides of the element. Similar to the net momentum flux, a net stress 
component can be derived as indicated via Fig. 2 and equation (24) 

 ( )Net Stress yxxx zxx dxdydz dydxdz dzdxdy
x y z

ττ τ∂∂ ∂= + +
∂ ∂ ∂

  (30) 

where the first subscript on the stress component (τ) indicates the surface orientation by 
providing the direction of its outward normal and the second subscript indicates the 
direction of the force component. 
In the absence of shear and strain, flow can and will happen because of the normal 
compressive stress exerted by the working fluid on the boundaries. This is called the 
hydrostatic pressure condition, as pressure force always acts normal and against the control 
surface in each direction. Hence, the stress tensor can be represented as: 

 
xx xy xz

ij yx yy yz ij

zx zy zz

p p
τ τ τ

δ τ τ τ δ
τ τ τ

 
 

′= − + = − + 
 
  

τ τ  (31) 

with the complete surface force represented as: 

 Sδ δ= ⋅F τ S  (32) 

The rest of the stress tensor in equation (31) is calculated by considering the motion of a 
fluid element as it moves through a flow field. Fluids can undergo a number of different 
phenomena, as indicated in Fig. 3: 
• Translation – linear movement from one location to another 
• Rotation – the sides of the element may change as a function of pure rotation 
• Angular deformation – distortion of the element by converting perpendicular planes to 

non-perpendicular planes 
• Linear deformation – a change in shape without a change in orientation 
• Volume dilatation – rate of change of volume per unit volume 
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Of these different influences, the last three relate to the strain that the fluid element 
undergoes. Only a brief summary of these components is presented in this section and the 
readers may wish to refer to the following references for a full derivation (Anderson, 1995; 
Schlichting & Gersten, 2000; Fox et al., 2004; White, 2003; Panton, 2005; White, 2006). 
 

 

 
Fig. 3. Impact of fluid motion on fluid element as it flows through a flow field in two-
dimensions. 

Angular deformation occurs when the fluid element experiences a rate of deformation given 
by the change in velocity over the distance computed. In order to formulate a mathematical 
interpretation of this phenomenon, two assumptions are often made. The first relates to the 
assumption of a Newtonian Fluid, where the stress at a point is linearly dependent on the 
rates of strain (deformation) of the fluid. The second involves classifying the fluid as 
isotropic where the properties of the fluid are independent of direction of orientation. As a 
result, the components in the stress tensor that are a function of angular deformation are: 

 yz zy
w v
y z

τ τ μ
 ∂ ∂= = + ∂ ∂ 

; xy yx
u v
y x

τ τ μ
 ∂ ∂= = + ∂ ∂ 

; zx xz
u w
z x

τ τ μ ∂ ∂ = = + ∂ ∂ 
 (33) 

where μ is a constant of proportionality that can be measured experimentally; also known as 
the dynamic viscosity. 
Because of velocity gradients, the fluid element can deform as it moves. Linear deformation 
happens when the flow causes strain by stretching or shrinking the shape of the fluid 
element. Because of the isotropic condition previously specified, it was found that the linear 
coefficient of proportionality is equal to twice the constant of proportionality of angular 
deformation: 

 , 2xx a
u
x

τ μ ∂=
∂

; , 2yy a
v
y

τ μ ∂=
∂

; , 2zz a
w
z

τ μ ∂=
∂

 (34) 
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The fluid can also undergo a volumetric dilatation that equals the rate of change of the 
volume per unit volume. This component can be thought as the elasticity or compressibility 
of the working fluid, and while volume dilation and linear deformation are similar concepts, 
they are not the same. For example, a fluid element can undergo linear deformation (change 
in shape) but not necessarily volume dilation (change in volume). Similar to linear 
deformation, volume dilation does not involve any angular deflection and is purely linear in 
nature. Of interest, even though the fluid volume might only change in the x-direction, it 
does impact the other momentum equations. This is because the time-change component of 
the other momentum equations via equation (26) includes the density of the working fluid. 
Hence, even though the volume is changing only in the x-direction, it will influence the 
other governing equations through the density dependence. Moreover, because the isotropic 
condition is applied, the deformation is independent of the coordinate axis under which it is 
expressed. Therefore, the strain will impact all dimensions; hence, the normal component 
will be equal among all three dimensions: 

 ( ), , ,xx b yy b zz b
u v w
x y z

τ τ τ λ λ
 ∂ ∂ ∂= = = + + = ∇ ⋅ ∂ ∂ ∂ 

V   (35) 

The coefficient λ was originally considered independent of μ and is often called the second 
coefficient of viscosity in order to help differentiate volume dilation from angular 
deformation. In linear elasticity according to a Newtonian description, this variable is called 
Lamé’s constant. For estimation of this variable, consult Gad-el-Hak for an understanding of 
the assumptions present in its calculation (Gad-el-Hak, 1995). 
At this point, all phenomena have been developed and the momentum equations can be 
written out explicitly. The x-momentum equation expands to: 

 

( ) ( ) ( ) ( )

( )                   yxxx zx
x

u uu uv uw
dx dydz dy dxdz dz dxdy

t x y z

pg dx dydz dx dydz dy dxdz dz dydz
x x y z

ρ ρ ρ ρ
δ

ττ τρδ

 ∂ ∂  ∂ ∂ 
+ + + =    ∂ ∂ ∂ ∂    

∂ ∂ ∂ ∂     − + + +       ∂ ∂ ∂ ∂      




 (36) 

and dividing through by the volume while making the assumption of incompressibility 
recovers: 

 

0

yxxx zx
x

pu u u u u v wu v w u g
t x y z x y z x x y z

ττ τρ ρ

∇⋅ =

  
   ∂∂ ∂ ∂∂ ∂ ∂ ∂ ∂ ∂ ∂  + + + + + + = − + + +

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂  
    V


 (37) 

Simplifying and incorporating the stress components equals: 

 2x
Du u u v u wg p
Dt x x y y x z z x

ρ ρ μ μ μ
 ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   = + − + + + + +    ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂    

  (38) 

Note that Lamé’s constant does not appear in the above equation because the velocity 
gradient via equation (20) is approximately equal to zero. Therefore, the influence of Lame’s 
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constant (λ) is ignored as it is multiplied by a negligible term; e.g. viscous stress is much 
smaller in magnitude than other flow parameters, like pressure, which results in the 
multiplication of a relatively small term by a negligible term. 
For a Newtonian fluid, viscosity depends on temperature and pressure. In the case of a 
dynamically incompressible fluid, as discussed later, the change of temperature and 
pressure across the region must be relatively small in order for the assumption of dynamic 
incompressibility to hold. Hence, there is a negligible change in viscosity as a function of 
these parameters and the assumption of constant viscosity is valid.  

 

2

2 2 2 2 2 2

2 2 2 2 x

u

pDu u u u u v w g
Dt x y x z xx y z x

ρ μ μ ρ

∇

 
   ∂ ∂ ∂ ∂ ∂ ∂ ∂ = − + + + + + + +  ∂ ∂ ∂ ∂ ∂∂ ∂ ∂ ∂   
 


 (39) 

By collecting the derivative in the second to last term on the right hand side, this results in: 

 2

0

x
pDu u v wu g

Dt x x x y z
ρ μ μ ρ

∇⋅ =

 
 ∂ ∂ ∂ ∂ ∂= − + ∇ + + + + 

∂ ∂ ∂ ∂ ∂ 
  V


 (40) 

Hence, this term disappears since the derivative of the velocity gradient is approximately 
equal to zero from dynamic incompressibility. Therefore, the final x-momentum governing 
equation for a dynamically incompressible flow equals: 

 2
x

pDu u g
Dt x

ρ μ ρ∂
= − + ∇ +

∂
 (41) 

Similarly, the momentum equations for dynamic incompressible flow in the y and z 
directions can be obtained as: 

 2
y

pDv v g
Dt y

ρ μ ρ∂
= − + ∇ +

∂
 (42) 

 2
z

pDw w g
Dt z

ρ μ ρ∂
= − + ∇ +

∂
 (43) 

5. Law of conservation of energy 
The physical principle governing the law of conservation of energy is that the total energy of 
the system must be conserved. Similar to the last two sections, consider a small fluid 
element moving with the fluid flow as in Fig. 4. The rate of change of total energy inside the 
fluid element (E) will be equal to the addition of the net heat flux (Q) into the element and 
rate of work done (W) on the fluid element due to body and shear forces. In mathematical 
form, this is represented as: 

 ( )d dQ dWmE
dt dt dt

= −  (44) 
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where heat transfer is defined as positive into the control volume and work is defined as 
positive out of the control volume. 
The total energy inside the fluid element is a function of its internal energy, potential and 
kinetic energy due to the translational motion of the fluid element: 

 21
2E e V= + + g   (45) 

where the effective kinetic energy velocity incorporates all three components of direction: 

 2 2 2 2V u v w= + +  (46) 

In the absence of heat transfer and work, the time rate of change of energy inside the control 
volume would be balanced by the energy flux entering the control volume during a certain 
amount of time (analogous to the conservation of mass): 

 
( ) Net Energy Flux 0
mE
t

δ
δ

+ =  (47) 

Since the mass entering the control volume on each side brings along with it a respective 
amount of energy from all three directions, the energy flux can be derived in a similar 
manner as the net mass flux as: 

 ( ) ( ) ( )Net Energy Flux
uE uE

x uE dx uE dydz dxdydz
x x

ρ ρ
ρ ρ

  ∂  ∂
= + − =  ∂ ∂   

 (48) 

 

 
Fig. 4. Energy fluxes through an infinitesimally small fluid element with only the fluxes in 
the x-direction illustrated. 
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Hence, written in differential format, the left hand side of equation (44) becomes: 

 ( ) ( ) ( ) ( ) ( )E uE vE wEd mE dx dydz dy dxdz dz dxdy
dt t x y z

ρ ρ ρ ρ
δ

 ∂ ∂  ∂ ∂ 
→ + + +    ∂ ∂ ∂ ∂    

  (49) 

The net heat flux, as indicated in Fig. 4, incorporates a negative sign in order to account for 
the definition that heat transfer into the control volume is positive: 

 ( )Net Heat Flux x x
x x

q qx q dx q dydz dxdydz
x x

 ∂ ∂ = − + − = −  ∂ ∂  

     (50) 

Based on phenomenological evidence, Fourier found that the heat transfer rate in the 
direction per unit area perpendicular to the direction of transfer is linearly proportional to 
the temperature gradient in this direction. Furthermore, through the isotropic condition 
previously mentioned, all three directions incorporate the same proportionality constant, k, 
in determination of the heat flux: 

 ; ;x y z
T T Tq k q k q k
x y z

∂ ∂ ∂= − = − = −
∂ ∂ ∂

    (51) 

This constant, referred hereto as thermal conductivity with a value that is a function of time, 
is analogous in its concept to viscosity in the momentum equation. Note that if the 
derivative of temperature is negative, heat transfer is positive as it is propagating in the 
forward direction (moving from hot to cold). Hence, the total net heat flux is equal to: 

 dQ T T Tk k k dxdydz
dt x x y y z z

  ∂ ∂ ∂ ∂ ∂ ∂    → + +     ∂ ∂ ∂ ∂ ∂ ∂      
 (52) 

The work done on a fluid element is a function of the forces acting on this element. As 
indicated in the momentum equation, there are two forces (body and surface) evident. The 
rate of work done by a force is the product of this force and the component of velocity in the 
direction of the force. In order words, the time rate of work is equal to the force done over a 
certain distance as a function of time. Hence, the work done by the body force is represented 
as: 

 ( )Body Work ρδ= ⋅g V  (53) 

The rate of work done by the surface forces are the product of the stresses with the 
component of velocity in the corresponding direction. For example, the rate of work in the x-
direction is equal to: 

 ( ) ( ) ( ) ( )Net Work yxxx zxuu u
x dxdydz dydxdz dzdxdy

x y z

ττ τ∂∂ ∂
= − − −

∂ ∂ ∂
 (54) 

including a negative sign as the force on the control volume is opposing the direction of the 
flow. 
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Including the work done by pressure and surface forces in all three directions, the total rate 
of work done is equal to: 

 ( ) ( ) ( )xx xy xz yx yy yz zx zy zzu v w u v w u v wdW dxdydz
dt x y z

τ τ τ τ τ τ τ τ τ ∂ + + ∂ + + ∂ + + = − + + ∂ ∂ ∂  

 (55) 

And the governing equation for the conservation of energy, incorporating equations (49), 
(52) and (55) into equation (44) while dividing by the volume, equals: 

 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

            

            xx xy xz yx yy yz zx zy zz

E uE vE wE
t x y z

T T Tk k k
x x y y z z

u v w u v w u v w

x y z

ρ ρ ρ ρ

τ τ τ τ τ τ τ τ τ
ρ

∂ ∂ ∂ ∂
+ + + =

∂ ∂ ∂ ∂

 ∂ ∂ ∂ ∂ ∂ ∂   + + +    ∂ ∂ ∂ ∂ ∂ ∂    

∂ + + ∂ + + ∂ + +
+ + + ⋅

∂ ∂ ∂
g V

 (56) 

which can be represented in vector format as: 

 ( ) ( ) ( ) ( ) ( ) ( )E
E k T p

t
ρ

ρ ρ
∂

′+ ∇ ⋅ = ∇ ⋅ ∇ − ∇ + ∇ ⋅ + ⋅
∂

V V V τ g V  (57) 

with the pressure term separated out from the stress tensor as doing so will become 
important in a later section.  
As a result, the energy equation governing fluid flow consists of two energy sources. Work 
through the body forces accelerates the fluid and increases its kinetic energy, while thermal 
energy conduction (heat flux) increases its internal energy (Panton, 2005). This equation can 
be further simplified by expanding the left hand side: 

 ( ) ( ) ( ) ( ) ( )
0

E E E k T p
t t

ρρ ρ ρ ρ
 
 ∂ ∂ ′+ ⋅∇ + + ∇ ⋅ = ∇ ⋅ ∇ − ∇ + ∇ ⋅ + ⋅ ∂ ∂ 
 

V V V V τ g V


 (58) 

and incorporating the conservation of mass via equation (8) in order to recover: 

 ( ) ( ) ( ) ( )DE k T p
Dt

ρ ρ′= ∇ ⋅ ∇ − ∇ + ∇ ⋅ + ⋅V V τ g V  (59) 

Of importance, when the mechanical work component is subtracted from the total energy 
equation, the remaining part is called the thermal energy equation. As discussed earlier, 
mechanical work is equal to product of force and velocity. All the forces acting on the body 
are described via the momentum equation. Hence, in order to obtain the mechanical energy 
equation in the x-direction, one can multiply the momentum equation (37) (before 
simplifying this equation further) by the respective velocity component u as follows: 

 ( )2 2 yxxx zx
x

D u pu u u u ug
Dt x x y z

ττ τρ ρ
∂ ∂ ∂ ∂= − + + + + ∂ ∂ ∂ ∂ 

 (60) 
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Similarly, the mechanical energy equations for the y and z directions can be found as:  

 
( )2 2 xy yy zy

y

D v pv v v v vg
Dt y x y z

τ τ τ
ρ ρ

∂ ∂ ∂ ∂
= − + + + + ∂ ∂ ∂ ∂ 

 (61) 

 
( )2 2 yzxz zz

z

D w pw w w w wg
Dt z x y z

ττ τρ ρ
∂ ∂ ∂ ∂= − + + + + ∂ ∂ ∂ ∂ 

 (62) 

By adding these equations, the total mechanical energy is obtained: 

 

( )

2

2 yxxx zx

xy yy zy yzxz zz

x y z

VD
p p pu v w u

Dt x y z x y z

v w
x y z x y z

ug vg wg
ρ

ττ τρ

τ τ τ ττ τ

ρ ρ ρ
⋅

 
   ∂  ∂ ∂ ∂ ∂ ∂  = − + + + + +    ∂ ∂ ∂ ∂ ∂ ∂   

∂ ∂ ∂ ∂   ∂ ∂+ + + + + +      ∂ ∂ ∂ ∂ ∂ ∂   
+ + +

g V





 (63) 

which in vector format equals: 

 ( )
2

2
D V p
Dt

ρ ρ
 

′= − ⋅∇ + ⋅∇ ⋅ + ⋅  
 

V V τ g V


 (64) 

When equation (45) is used in equation (59) and the derivitives are expanded on the right-
hand side, the result is: 

 ( ) ( ) ( )
2

:
2

D e
k TD V p

Dt
p

Dt
ρ ρρ

+
′+ = ∇ ⋅ ∇ − ∇

 
′− ⋅∇ ⋅∇ ⋅ + ⋅  ∇

 
⋅ + +V V τV τ V g V

g 
 (65) 

The total mechanical energy from equation (64) can now be subtracted from the total energy 
equation, equation (65), in order to recover the thermal energy equation. Assuming that 
gravity has a negligible influence, the result is: 

 ( ) :De k T p
Dt

ρ ′= ∇ ⋅ ∇ − ∇ ⋅ + ∇V τ V  (66) 

In order to utilize the thermal energy equation for modeling purposes, it is customary to 
convert it into temperature as the dependant variable (White, 2003). This conversion can be 
accomplished using either of two different methods as illustrated in the next section. As a 
result, an energy equation paradox results. 

6. Energy equation paradox 

Internal energy is a thermodynamic property that can be expressed by two fundamental 
properties of state. Here it is expressed in terms of temperature and specific volume:  
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v

v T
c

e ede dT dv
T v

∂ ∂   = +   ∂ ∂   
 (67) 

Note that the first term on the right hand side is the definition of the constant volume 
specific heat. 
Substituting equation (67) in equation (66) finds: 

 ( ) :v
T

DT e Dvc k T p
Dt v Dt

ρ ρ ∂  ′+ = ∇ ⋅ ∇ − ∇ ⋅ + ∇ ∂ 
V τ V  (68) 

However, the specific volume is reciprocal of density and, therefore equation (68) becomes: 

 ( )1 :v
T

DT e Dc k T p
Dt v Dt

ρρ
ρ

 ∂  ′+ − = ∇ ⋅ ∇ − ∇ ⋅ + ∇  ∂   
V τ V  (69) 

Alternatively, internal energy can be expressed in terms of enthalpy as: 

 e h p ρ= −  (70) 

Written in derivative format, equation (70) becomes: 

 ( )2de dh dp p dρ ρ ρ= − +  (71) 

Since enthalpy is a thermodynamic property, it can additionally be expressed by two 
fundamental state variables; here, it is expressed as a function of temperature and pressure: 

 

p

p T
c

h hdh dT dp
T p

 ∂ ∂ = +   ∂ ∂   
 (72) 

where the first term on the right hand side is the definition of the constant pressure specific 
heat of a fluid. 
Using the basic law of thermodynamics along with Maxwell’s relation, 

 1 1
p pT T

h s v Tv T v T
p p T T

ρ
ρ ρ

       ∂ ∂ ∂ ∂   = + = + = −           ∂ ∂ ∂ ∂               
 (73) 

And substituting equations (72) and (73) into equation (71), one can write the internal 
energy as a function of the constant pressure specific heat: 

 2
1 1p

p

dp pTde c dT dp d
T
β

ρ ρ
ρ ρ ρ ρ

 
 ∂  = + − − +  ∂ 
 
 


 (74) 
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Note that the derivative of density with respect to temperature is the definition of the 
thermal expansion coefficient (β). In particular, a substance will expand with an increase in 
energy (heating) and contract with a decrease (cooling) with this dimensional response 
expressed as the coefficient of thermal expansion. 
Furthermore, incorporating (74) into equation (66):  

 ( )2 :p
Dp pDT T Dc k T p

Dt Dt Dt
β ρρ

ρ ρ
 

′− + = ∇ ⋅ ∇ − ∇ ⋅ + ∇ 
 

V τ V  (75) 

The terms in equation (75) can be rearranged and regrouped to produce: 

 ( ) ( )
0

1 :p
DpDT Dc T p k T

Dt Dt Dt
ρρ β

ρ

 
 

′= − + ∇ ⋅ + ∇ + ∇ ⋅ ∇ 
 
  

V τ V


 (76) 

Note that the expression in square brackets on the right hand side is the continuity equation 
for dynamically incompressible flow in non-conservative format and must therefore be 
equal to zero. As a result, the final thermal equation following this procedure equals: 

 ( ):p
DpDTc T k T

Dt Dt
ρ β ′= + ∇ + ∇ ⋅ ∇τ V  (77) 

As a result, equation (69) and equation (77) both represent the thermal energy equation 
utilizing temperature as the dependant variable. If one applies the assumption of dynamic 
incompressibility to both equations, the results are: 

 ( )v
DTc k T
Dt

ρ = ∇ ⋅ ∇  (78) 

 ( )p
DTc k T
Dt

ρ = ∇ ⋅ ∇  (79) 

as the terms that were eliminated are negligible for an incompressible fluid. 
In case of truly incompressible liquids and solids, the difference between the specific heat at 
constant volume and constant pressure vanishes. Hence, equation (78) and (79) reduce to a 
single equation: 

 ( )DTc k T
Dt

ρ = ∇ ⋅ ∇  (80) 

However, because the specific heats of gases have distinct values equations (78) and (79) 
lead to a unique problem called the Energy Equation Paradox (White, 2003; Panton, 2005). 
Both equation (78) and equation (79) cannot be simultaneously valid for the dynamically 
incompressible flow of gases. In particular, equation (78) implies that advection of internal 
energy is balanced by heat conduction, while equation (79) implies that enthalpy advection 
is balanced by heat conduction. In order to explain this paradox and obtain a solution, one 



 
Dynamically Incompressible Flow 

 

87 

must first understand the assumption of dynamic incompressibility, its conditions and 
application in the governing equations.  
Any gaseous flow is assumed to be incompressible if the velocity is less than a Mach 
number of 0.3 and there is not a large local change in temperature and pressure. For such a 
flow condition, density is assumed to be constant ( )constantρ =  and the divergence of 
velocity is set equal to zero ( )0∇ ⋅ =V . However, in actuality, there is a negligible change in 
density ( )constantρ ≈  and divergence of velocity is not quite zero ( )0∇ ⋅ ≈V . As a result, 
when the temperature gradient is not large, the conduction and advection of gases are 
relatively small and nearly of same magnitude as the divergence of velocity. Hence, in the 
thermal energy equation, any term containing the divergence of velocity or substantial 
derivative of pressure, temperature or density cannot be set immediately to zero without a 
thorough review. 

6.1 Viscous dissipation 
Viscous dissipation is always positive and acts to create internal energy (Panton, 2005). This 
change in energy is irreversible and it is written as a dyadic product of two tensors, shear 
stress and gradient of velocity ( ):′ ∇τ V  resulting in scalar work (Kee et al., 2003). Viscous 
dissipation describes rate of work for shape change at constant volume. For dynamically 
incompressible flow, change in shape at constant volume is negligible as density is assumed 
to be constant; hence, viscous dissipation is relatively small (Kee et al., 2003). Moreover, 
viscous dissipation becomes important when the fluid is highly viscous or turbulent (Kreith 
et al., 2010). In this case, the fluid is a gas with low viscosity under low Mach number 
situations. Therefore, the change in internal energy due to viscous dissipation will not 
influence the internal energy significantly and, subsequently, the temperature. As a result, it 
can be neglected in both equations (69) and (77). 

6.2 Substantial derivative of pressure  
The substantial derivative of pressure factor ( )T Dp Dtβ    includes the thermal 
expansion coefficient, β. For an ideal gas, this coefficient is the reciprocal of temperature; 
hence, it cancels out the temperature component leaving just the material pressure 
derivative (Kundu & Cohen, 2010). For incompressible flow, thermodynamics properties 
(like k, cp, μ) are often considered constant. Although they fundamentally change with 
temperature, one of the overriding assumptions for dynamic incompressibility is that 
there is not a substantial temperature change. If this assumption does not hold,the flow 
must be treated as compressible (Panton, 2005; Depcik et al., 2010). This assumption 
allows decoupling of the continuity and momentum equations from the thermal energy 
equation. Hence, all three velocities and pressure can be solved without needing to 
compute the temperature simultaneously. Therefore, the velocity field and pressure are 
unaffected by thermal changes in incompressible flow, since they are derived from the 
mass and momentum equations. Thus, pressure is represented as a force and not as a 
property influencing temperature. If the pressure increases or decreases across the 
incompressible flow region, the level of all pressures increases or decreases respectively. 
As a result, the change in pressure across the flow is negligible and it can be eliminated from 
equation (60).  
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6.3 Substantial derivative of density 
For dynamically incompressible flow, the change in density is negligible. Moreover, any 
change in internal energy corresponding to a change in volume is marginal because the 
change in volume itself is small, as indicated in equation (21). Since this component is a 
product of two trivial terms, it is neglected in equation (69). 

6.4 Pressure times divergence of velocity 
Although the divergence of velocity may be small, pressure across the flow is significant in 
magnitude (Kee et al., 2003). Hence, this term is not inconsequential as the product is on the 
same order of scale as that of conduction: ( )p ∇ ⋅ V . As a result, applying the previous 
discussions and the influence of this component, the final thermal energy equation is 
obtained as a function of constant volume or constant pressure specific heats: 

 ( ) ( )v
DTc k T p
Dt

ρ = ∇ ⋅ ∇ − ∇ ⋅ V  (81) 

 ( )p
DTc k T
Dt

ρ = ∇ ⋅ ∇  (82) 

In order to validate the previous discussion, the above two equations must generate the 
same results. Hence, the following derivation proves the methodology and explains the 
paradox.  
For dynamic incompressibility, the change in density of a particle is negligible and therefore 
density is assumed constant. In mathematical form, this is represented as: 

 1 1 10
pT

DpD D DT
Dt Dt p Dt T Dt

ρ ρ ρ ρ
ρ ρ ρ

∂ ∂= = = +
∂ ∂

 (83) 

Since density is governed by the thermodynamic equation of state, it can be represented as a 
function of temperature and pressure (Panton, 2005). In addition, equation (83) can be 
written as: 

 1 0DpD DT
Dt Dt Dt

ρ α β
ρ

= − =  (84) 

where the isothermal compressibility ‘α’ and thermal expansion coefficient, β, are the 
characteristic of fluid and hence cannot be set to zero (Turcotte & Schubert, 2002; Graetzel & 
Infelta, 2002). However, if the change in pressure and change in temperature are sufficiently 
small, then equation (84) is equal to zero.  
Incorporating equation (84) into equation (21): 

 ( ) Dp DT
Dt Dt

α β   − ∇ ⋅ = −   
  

V  (85) 

As a result, equation (81) is modified to: 

 ( )v
DpDT DTc k T p

Dt Dt Dt
ρ α β    = ∇ ⋅ ∇ + −    

   
 (86) 
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For an ideal gas, isothermal compressibility ‘α’ is the reciprocal of pressure and the thermal 
expansion coefficient, β, is the reciprocal of temperature (Roy, 2001; Honerkamp, 2002; 
Kundu & Cohen, 2010). Incorporating these simplifications into equation (86) results in: 

 ( )v
DpDTc k T

Dt Dt
βρ

ρα
 

+ = ∇ ⋅ ∇ + 
 

 (87) 

As explained earlier, the change in pressure across the flow is negligible and the substantial 
derivative of pressure in this equation is set to zero. Moreover, the specific heats of gases are 
related by the gas constant as:  

 p v v
pc c R c
Tρ

= +  +  (88) 

Using the property of isothermal compressibility and thermal expansion coefficient for ideal 
gases, equation (88) converts to: 

 p v v
pc c c
T

β
ρ ρα

= + = +  (89) 

When equation (89) is used in equation (87), the result is identical to equation (79): 

 ( )p
DTc k T
Dt

ρ = ∇ ⋅ ∇  (79) 

This alternative development of equation (79) resolves the energy equation paradox; for 
dynamically incompressible flow, the advection of enthalpy is balanced by conduction. 

7. Law of conservation of species 
The law of conservation of species follows the same principles as the law of conservation of 
mass. At each side of the control volume indicated in Fig. 5, a species flux enters and exits 
the respective control surfaces as a function of local velocity conditions where uA, vA, and wA 
represent the total species A velocity in the x, y, and z directions, respectively. 
The net species flux is represented in the x-direction as shown in Fig. 5 as: 

 ( ) ( ) ( )A A A A
A A A ANet Species Flux

u u
x u dx u dydz dxdydz

x x
ρ ρ

ρ ρ
  ∂  ∂

= + − =  ∂ ∂   
 (90) 

where ρA is the density of the individual species considered. 
Because reactions of chemical species may occur, the difference of mass of the species within 
the control volume as a function of time is balanced by the net flow of species through the 
control volume during a certain amount of time while including a local production or 
destruction rate: 

 A
ANet Species Fluxm

t
δ ω δ

δ
+ =    (91) 

where the differential mass is written as: 
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 A Amδ ρ δ=   (92) 

and the chemical reaction rate has the units of kg m-3 s-1, consumes species A when negative, 
and acts over the entire control volume. In differential format, equation (91) becomes: 

 ( ) ( ) ( )A A A A A AA
A

u v w
dx dydz dy dxdz dz dxdy dxdydz

t x y z
ρ ρ ρρ δ ω

 ∂  ∂ ∂ ∂ + + + =    ∂ ∂ ∂ ∂    
  (93) 

 

 
Fig. 5. Species fluxes through a differential control volume. 

When equation (93) is divided through by x y zδ δ δ δ= , the differential control volume, the 
conservation of species A is described as: 

 ( ) ( ) ( )A A A A A AA
A

u v w
t x y z

ρ ρ ρρ ω
∂ ∂ ∂∂ + + + =

∂ ∂ ∂ ∂
  (94) 

This equation can be written in vector format for simplicity as: 

 ( )A
A A At

ρ ρ ω∂ + ∇ ⋅ =
∂

V   (95) 

where the vector VA is equal to [uA vA wA]. 
In this equation, the mass flux rate of individual species is the product of the specific density 
of that species and velocity in the given direction. However, the velocity of individual 
species depends not only on the bulk velocity of the flow, but also on concentration 
gradients. If there is a difference in concentration of species at various points across the 
flow, the species will move from regions of high concentrations to that of low 
concentrations. This motion is analogous to the phenomena of heat conduction from high 
temperatures to low temperatures. The velocity induced by a concentration gradient is 
called the diffusion velocity.  



 
Dynamically Incompressible Flow 

 

91 

Consider a multicomponent system with different species in the mixture moving with 
different velocities in different directions. As shown in Fig. 6, V represents the mass 
averaged bulk velocity of the flow (V = ui + vj + wk) and V* represents the molar averaged 
flow velocity. Both V and V* will differ in magnitude and direction as they contain unique 
weighing factors. Letting VA be the velocity of species A, this value is independent on the 
molar weight or mass of the species A as it represents only that species. The difference 
between velocity of individual species and the mass averaged velocity is called the mass 
diffusion velocity of that species. In this case, it is υA. Similarly, the difference between 
individual species velocity and the molar averaged velocity of the flow is called the molar 
diffusion velocity *

Aυ .  
 

 
Fig. 6. Diagram of mass and molar averaged bulk velocity vectors. 

Therefore, the velocity of individual species A is given as: 

 A A= +V V υ  (96) 

Hence, the conservation of species equals: 

 ( ) ( )A
A A A At

ρ ρ ρ ω∂ + ∇ ⋅ + ∇ ⋅ =
∂

V υ   (97) 

Adolf Fick investigated the diffusion velocity in the above equation in detail. He explained 
that υA could be expressed using diffusion coefficients (δ). The use of this coefficient in the 
mass flux expression was later called Fick’s law of diffusion and is written in mathematical 
format as: 

 ( )A A A A Alnm Yρ ρ δ= − ∇υ  (98) 

where the mass fraction is given by 

 ρ
ρ

= A
AY  (99) 

with the m subscript on the diffusion coefficient indicating the value of species A with 
respect to the entire mixture as described later. 
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Substituting this expression back into Fick’s law of diffusion: 

 ρρ ρ δ
ρ

 
= − ∇ 

 
A

A A A A lnmυ  (100) 

solving for the logarithmic derivative,  

(e.g., A[ln( / )] ( / )A A

x x
ρ ρ ρ ρ ρ

ρ
∂ ∂=

∂ ∂
), 

 ρρ ρδ
ρ

 
= − ∇ 

 
A

A A Amυ  (101) 

and substituting equations (99) and (101) into the conservation of species, equation (97), 
recovers: 

 ( ) ( ) ( )ρ
ρ ρδ ω

∂
+ ∇ ⋅ − ∇ ⋅ ∇ =

∂
A

A A A Am
Y

Y Y
t

V  (102) 

The first two components on the left hand side of equation (102) can be expanded to obtain, 

 ( ) ( )ρρ ρ ρ ρδ ω
 

∂ ∂ + ∇ ⋅ + + ∇ ⋅ − ∇ ⋅ ∇ = ∂ ∂  




A
A A A A A

0

m
Y Y Y Y
t t

V V  (103) 

and conservation of mass requires the term in square brackets of equation (103) to be zero so 
that: 

 ( )ρ ρ ρδ ω∂ + ∇ ⋅ − ∇ ⋅ ∇ =
∂

A
A A A Am

Y Y Y
t

V  (104) 

This equation is further modified as per the assumptions of dynamic incompressibility. 
Since the mass fraction of the species is related to the molar concentration of the species by: 

 
ρ

= A A
A

C WY  (105) 

where WA is the molecular weight of species A, the conservation of species equation for 
dynamic incompressible flow is: 

 ( ) ωδ∂ + ∇ ⋅ − ∇ ⋅ ∇ =
∂

A A
A A A

A
m

C C C
t W

V  (106) 

Fick’s law expresses the diffusion velocities in terms of diffusion coefficients. However, 
calculation of these coefficients has always been subject to interpretation in the literature. 
The standard method of calculating these values is a three-step process. First, the diffusion 
coefficient for one species is calculated as in a binary mixture consisting of two gases with 
one gas is held as the base. The binary diffusion coefficient is then calculated for all other 
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gases in the mixture, keeping the base gas constant. Then, the diffusion coefficient of the 
base gas is calculated for the mixture from all of the calculated binary diffusion coefficients. 
This method is then repeated for all the gases in the mixture keeping one gas as the base 
each time.  
Many ways have been proposed to calculate the binary diffusion coefficient in the 
mentioned procedure (Perry & Green, 1984; Cussler, 1997; Kee et al., 2003; Kuo, 2005). After 
studying the referenced literature, the authors feel that binary diffusion between two species 
(A and B here) is best calculated by the following (Cussler, 1997; Kee et al., 2003): 

 δ
σ

 
+ 

 =
Ω

0.5
1.5

A B
AB 2

AB

1 10.00186T
W W

p
 (107) 

Equation (107) assumes all gases to be non polar, and although values of σ (Collision 
diameter of the molecule) and Ω (dimensionless energy integral based on temperature and 
Boltzmann constant) are not available for all gases. However, this equation provides for a 
relatively high accuracy, within an eight percent error range with experimental data 
(Cussler, 1997). This accuracy is appreciable as it is the closest any equation predicting 
binary diffusion coefficient can get. Even the commercial software program, transport 
CHEMKIN, supports this same equation for calculating these values (Reaction Design, 
2003). From these binary coefficients, the mixture averaged diffusion coefficients can be 
calculated. The most accurate method to calculate these coefficients is to use a full multi-
component system that involves inverting an L by L matrix, where L is number of species 
(Wilke, 1950; Perry & Green, 1984; Cussler, 1997; Kee et al., 2003). However, this method is 
computationally expensive and not required in most numerical models. As a result, most 
researchers use approximate formulas as follows. 
When the mass diffusion velocity is given as a function of mass fractions, 

 δ−= ∇A A A
A

1
m Y

Y
υ  (108) 

The mixture-averaged diffusion coefficient is represented as: 

 
δ δ δ= =

= +
− A A

A AA A A

1
1

L L
j

j jm j j j

YX X
Y

 (109) 

However, when the mass diffusion velocity is written using mole fractions (or molar 
concentrations), 

 δ− ′= ∇A A A
A

1
m X

X
υ  (110) 

The mixture-averaged diffusion coefficient is now written as: 

 δ

δ=

−′ =


A

A

A A

1
m L

j

j j

Y
X  (111) 
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The reason for the two different methodologies in calculating the diffusion coefficient relates 
to the solution of the mole or mass fraction version of the governing equation of chemical 
species. In specific, since mole and mass fractions are related by the molecular weight of the 
species, diffusion coefficients must be calculated differently in order to take this weighting 
factor into account. For more information on this topic, please consult the efforts of Kee et al. 
(Kee et al., 2003). 

8. Failure of dynamic incompressibility 
As discussed in the Mach Number Criterion section, when the pressure and temperature are 
not directly related to the density of the medium, one may simplify the governing equations 
via dynamic incompressibility (Kee et al., 2003). For catalytic exhaust aftertreatment 
modeling, a previous effort by the first author shows that traditional catalyst model 
equations assume dynamic incompressibility in order to simplify the solution technique by 
decoupling the species and energy equations (Depcik & Assanis, 2005). This model, 
represented by Figure 7, simulates an open channel interacting with the surface of the 
catalyst (washcoat impregnated with catalytic materials) by virtue of literature derived 
source terms, similar to equation (91), that model the interactions within the boundary layer. 
Use of dynamic incompressibility for simulating the gas in the open channel increases the 
computational speed of the model in order to make it suitable for transient regulatory tests 
and kinetic constant optimization.  
 

 
Fig. 7. One-dimensional catalytic exhaust aftertreatment model description. 

Since the laminar channels of a monolithic catalyst do not contribute significantly to the 
pressure drop, the pressure throughout the catalyst is nearly constant. However, when a 
temperature profile exists, according to the ideal gas law the density must change along the 
monolith. This was stated previously by Byrne and Norbury (Byrne & Norbury, 1993) where 
they assert that the variation of gas density with temperature suggests that the flow should 
be treated as compressible for aftertreatment modeling; the assertion was further verified by 
Depcik et al. (Depcik et al., 2010). Compressibility leads to variations in velocity of the gas 
and a decreasing residence time of the gas in the catalyst.  
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Fig. 8. Example of light-off temperature of a catalyst as indicated by the 50% conversion of 
the chemical species of interest. 

One significant goal of the catalyst model is to simulate a “light-off event” when the 
catalyst transitions from kinetic to mass transfer regimes as illustrated in Figure 8. In 
other words, when the temperature is low, the reactions taking place on the surface are 
slow and there is little conversion of species across the catalyst (chemical kinetic limited). 
As the temperature increases, the reactions increase in magnitude until they hit a certain 
activation energy that causes an exponential jump in the magnitude of the conversion 
(50% conversion of inlet species is typically considered the light-off point). As a result, 
during a light-off experiment the temperature of the catalyst can change dramatically if a 
significant amount of exothermic reactions takes place. Hence, from a modeling 
standpoint, it becomes erroneous to employ dynamic incompressibility at this point. 
However, many researchers neglect this fact and continue to simulate the gas dynamics in 
this manner. 
After light-off of a catalyst, it is commonplace to assume the reaction is now mass transfer 
limited and not kinetic limited. Hence, once entering the catalyst, all species will be 
converted. From a regulatory standpoint, modeling the catalyst after light-off is virtually 
unnecessary because most emissions occur in the cold start phase when temperatures and 
reaction speed is low (Koltsakis & Stamatelos, 1997). Therefore, during the times the model 
is most needed, pressure and temperature through the catalyst are relatively uniform; i.e. 
the use of dynamic incompressibility is valid.  
As a result, it is important to understand that the assumption of dynamic incompressibility 
fails under situations that involve a significant pressure drop or temperature change. This 
failure occurs because the fluid is no longer held constant to the ideal gas law and the 
density remains independent of changes in pressure or temperature. However, by 
understanding the application of the model within certain parameters, it is possible to 
utilize dynamic incompressibility in a safe manner. 
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9. Reaction rate usage 
One item that requires further discussion within the catalytic exhaust aftertreatment 
community is the use of mole fractions for reactions rates; e.g. the right hand side of equation 
(104). It must be stressed that reactions rates depend on concentration in principle. In the 
general case when the operation pressure can differ, the more suitable choice for formulating 
reactions rates is via concentration rate expressions because they inherently take into account 
changes in density. For example, consider a case of catalytic reactor working at one 
atmosphere. If reaction rates are expressed in terms of mole fractions, the reaction rate does 
not respond to the change of pressure. One obtains the same production rates even for a 
vanishing pressure. When the pressure is lowered, the subsequent production of species is 
slower because of a less dense mixture. Thus, a model not limited to a singular pressure must 
be based on concentration and take into account density variations; i.e. similar temperatures at 
different pressures would result in different densities but could have the same mole fractions. 
In other words, a model based on concentration can work for different operational pressures; 
whereas, a model based on mole fractions is fixed for one pressure. 
Since pressure changes along the monolith are small and most automotive catalysts work at 
similar pressures, the use of mole fraction-based expressions does not cause significant 
problems, but it is important for the reader to understand the implication of doing so. If the 
reaction rate is written using concentration-based reaction expressions, the results will be 
significantly different because density is constant and does not respond to the temperature 
change, as discussed in the previous section; hence, reaction rates will be unique at each cell 
as axial temperature fluctuations change the calculated rate.  
For a more in-depth discussion of this topic with respect to catalytic exhaust aftertreatment 
devices, please consult reference (Depcik et al., 2010). For simplicity, an example is given 
here for homogeneous (gas phase) reactions in order to demonstrate the concept. The right 
hand side of the compressible version of the chemical species equation (104), when 
homogeneous reactions occur, should be written in terms of the gas concentration 

 ω
 −=  
 

A COexp
u

EA C
R T

 (112) 

where equation (112) expresses a linear reaction rate dependant on the species carbon 
monoxide according to the traditional Arrhenius rate expression. 
However, when the dynamic incompressible version is used via equation (106) 

 ω  −=  
 

A
CO

A

exp
u

EA X
W R T

 (113) 

mole fractions must be used. The pre-exponential components (A) in both expressions can 
be equated at specific pressures and temperatures via density.  

10. Conclusion 
Dynamically incompressible flow is a convenient simplification of the governing equations 
of fluid mechanics in order to solve for flow conditions below a Mach number of 0.3. This 
assumption decouples the equations, because the fluid properties are no longer subject to 
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the constraint of the ideal gas law. Consequently, the equations can be solved in a reduced 
computational time. However, when pressure and temperature change significantly across 
the computational domain, the assumption of dynamically incompressible flow falters. In 
order to aid in the development of the reader, this chapter provided the proper background 
into this computational methodology and illustrated the correct tactic of computing reaction 
rates for the governing equation of chemical species. 
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1. Introduction  
Diffusion equations are mathematical models which explain how the concentration of one or 
more substances distributed in space is altered by a diffusion process which causes the 
substances to spread out over a surface in space. For a normal diffusion process, the flux of 
particles into one region must be the sum of particle flux flowing out of the surrounding 
regions. From Fick’s first law, this can be represented mathematically by the following 
diffusion equation 

 = .( )
 t
u D u

∂
∂ ∇ ∇ . (1) 

If the diffusion coefficient is constant in space, then  

 2 = 
 t
u D u

∂
∂ ∇  (2) 

here 2∇ is the normal Laplacian. The values u and D take on different meanings in different 
situations: in particle diffusion, u is interpreted as a concentration and D as a diffusion 
coefficient; while in heat diffusion, u is the temperature and D is the thermal conductivity. 
The application of the finite difference methods for solving time-dependent Partial 
Differential Equations(PDEs) such as this, at any particular time level, yields a system of 
linear simultaneous equations of the form  

 Au = b  (3) 

where iterative methods are normally more feasible in solving the system due to the sparsity 
of the matrix A. The applicability of explicit group methods, in which several unknowns are 
connected together in the iteration formula resulting in a sub-system that must be solved 
before any one of the them can be determined, have been investigated on solving these 
types of PDEs. In their early work, Evans and Abdullah (1983b) generated single-step, one-
parameter families of finite difference approximations to the heat equation in one space 
dimension by coupling in groups of two the values of the approximations obtained by 
known asymmetric formulas at adjacent grid points at the advanced time level. The 
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resulting equations are implicit but they can be easily converted to explicit form. The 
method was shown to possess unconditional stability with good accuracies. Evans and 
Abdullah (1983a) also developed the group explicit method for the solution the two 
dimensional diffusion where a general two-level six point finite difference approximation was 
developed to solve the parabolic equation. The method was further developed as the 
Alternating Group Explicit (AGE) method (Evans & Sahimi, 1988), which is an analogue to the 
famous Alternating Direction Implicit(ADI) method but has the advantage of being explicit 
and thus very easy to parallelise. The emergence of newer explicit group methods on skewed 
or rotated grids with promising and improved results was greatly observed since the early 
1990s. Among them are the works of Abdullah (1991) who developed the four-point Explicit 
Decoupled Group (EDG) by discretising the PDEs on skewed grids. This method was shown 
to require less computational time with the same order of accuracies than the Explicit Group 
(EG) method pioneered by Yousif and Evans (1986) in solving the Poisson model problem. A 
few years on, Othman and Abdullah (2000) modified the formulation of the EG method by 
deriving formulas based on the centred five points approximation formula with the grid 
spacing h and 2h, and the rotated five points approximation formula to come up with the 
improved modified four-point EG which was shown to exhibit lesser computational effort 
than the existing EG and EDG. Since then, active research has been conducted to investigate 
the capabilities of the variants of these group relaxation methods in improving the standard or 
traditional algorithms in solving several types of PDEs. This includes the work of Ali and Lee 
(2007) who derived the Accelerated OverRelaxation (AOR) variant of the EDG group scheme 
in the solution of elliptic equation where its performance results were compared with the EG 
(AOR) proposed by Martins et al. (2002). The new EDG (AOR) scheme requires less execution 
time than the existing EG (AOR) method where the gain in speed of EDG (AOR) method over 
the EG (AOR) method ranges from approximately 51% to 59%. The performance analysis of 
the parallel algorithms of these EG and EDG schemes were also established in Ng and Ali 
(2008) where the algorithms turn out to be efficient solvers for the steady-state elliptic equation 
on distributed memory multicomputer with high scalability. 
In this chapter we shall present the formulation of new explicit group algorithms intended 
for solving the two dimensional time-dependent diffusion equation. A novel approach of 
using four points group strategy, implemented on different spacing stencils incorporated 
with the AOR technique, is used in the formulation. Explainations on how the methods need 
to be reconfigurated mathematically as to be successfully ported to run on a message-
passing parallel computer system is also presented. 

2. Formulations of group methods 
We consider the finite difference discretization schemes for solving the two dimensional 
diffusion equation of the form  

 2= ( , , )
 t
u u f x y t

∂
∂ ∇ +  (4) 

with a specified initial and boundary conditions on a unit square with spacings 
   = 1 /x y h nΔ = Δ =  in both directions x and y, with 0 0 ,  i jx x ih y y jh= + = +  (i,j = 0,1,2,...,n), 

t = kΔt (k = 0, 1, 2, …); here, f is a real continuous function. One commonly used implicit 
finite difference scheme based on the centred difference in time and space formulation about 
the point (i,j,k+ 1 / 2 ) is the Crank-Nicolson scheme which transform (4) into  
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where 2/r t h= Δ . Based on this approximation, several group schemes have been 
constructed (Ali, 1998). The Explicit Group (EG) method, for example, was formulated by 
taking the iteration process in groups of four points. At each time level (k+1), the mesh 
points are grouped in blocks of four points (i,j), (i+1,j), (i+1,j+1) and (i,j+1) and equation (5) 
is applied to each of these points resulting in the following (4x4) system: 
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which may be solved explicitly in groups of four points as 
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The method proceed with iterative evaluation of solutions in blocks of four points 
respectively using these formulas throughout the whole net region until convergence is 
achieved.  
Using another type of discretization, which we called the rotated finite difference 
approximation: 
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another group scheme was formulated called the Explicit Decoupled Group (EDG) method. 
This approximation is obtained by using the Taylor series expansion of the solution u at 
appropriate grid points where the resulting computational stencil is 045 clockwise rotated 
from the stencil of the standard Crank-Nicolson (5). At each time level (k+1), the mesh points are 
grouped in blocks of four points, (i,j), (i+1,j+1), (i+1,j) and (i,j+1), and the rotated finite 
difference approximation (8) is applied to the u values at each of these points resulting in a 
(4x4) system which may be decoupled into two 2x2 matrices of the following form (Ali, 1998): 
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The EDG method requires less computing time whilst maintaining the same order of 
accuracies as the original EG method (Ali, 1998). Based on approximation formula (8) 
derived on different grid spacings, new modified group explicit methods will be formulated 
in combination of the Accelerated Over-Relaxation (AOR) technique. The next sub-sections 
will elaborate on the formulations of these methods.  

2.1 Modified explicit group (MEG) AOR method 
We consider the standard five-point formula for the diffusion equation on 2hΩ  grid:  

( 1) ( ) ( ) ( ) ( )
2, 2, , 2 , 2 , ,, 2, 2, , 2 , 21 2 2

1 ( ) (1 2 ) ,m m m m m
i j i j i j i j i j i ji j i j i j i j i j

r
r

u u u u u v v v v r v tF+
− + − +− + − ++

 = + + + + + + + + − + Δ 
  (12) 

2=
4

tr
h

Δ .  

Here, iju  is the value of u at the current time level (k+1), ijv  is the value of u from the 
previous time level (k), while m is the iteration level. ijF  is the value of f at the point (i,j) at 
time level (k+1). We begin by dividing the grid points in the solution domain into 3 types of 
points, indicated by , , , and arranged in a specific alternate ordering, as shown in Fig. 
1. For the iterations, we consider the points indicated by  in Fig. 2. Similar to the EG 
method described in the previous section, we may apply equation (12) to groups of four 
points of the iterative points to produce a 4x4 MEG formula. The convergence of this 
method may be improved by the introduction of the AOR technique (Hadjidimos, 1978) 
where drastic improvement in convergence can be obtained by choosing suitable relaxation 
parameters in its formula. The idea in AOR technique is to apply an extrapolation of a  
two-parameter Successive OverRelaxation (SOR)-type iterative procedure in the formula.  
 

 
Fig. 1. Construction of different grid points in the spatial solution domain at time level k+1. 
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The two parameters may be exploited which result in methods which will converge faster 
than any other method of the same type. Using this idea, we can introduce the over-
relaxation parameters ω  and R into the 4x4 MEG formula as a way to further accelerate the 
convergence of the iterative method scheme as the following: 
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where  
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Unlike SOR, there is no general formula to determine the parameters R and w. But according 
to Hadjidimos (1978), the parameter R is normally chosen to be close to the value ω  
obtained from the corresponding SOR technique which give the least number of iterations. 
We can then define the four points MEG (AOR) method for diffusion equation as the 
following: 
Algorithm 1  
1. Divide the grid points into points of type ,  and  at level k+1 as shown in Fig. 1.  
2. Set the initial guess for the iterations. 
3. Use Equations (13)-(14) to evaluate the solution of points of type  iteratively at level 

k+1. 
4. Check the convergence. If the iterations converge, go to step 5. Otherwise, repeat step 3 

until convergence is achieved. 
5. After the solution at points of type  converge, the converged values are then adopted 

as the initial guess for the next time level.  
6. Then, repeat steps 1 to 5 until the solutions at all the required time levels have been 

obtained. 
7. For the solutions at the remaining points at level k+1 (Fig. 1), compute them directly 

once according to the following sequence: 
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a) For points of type    , use the rotated five points approximation formula on the 2hΩ  
grid: 

 2
, 1, 1 1, 1 1, 1 1, 1

2

1 ( (
1 2 2i j i j i j i j i j

ru u u u u
r − − + − − + + += + + +

+
  

 1, 1 1, 1 1, 1 1, 1 2 , ,) (1 2 ) )i j i j i j i j i j i jv v v v r v tF− − + − + − + ++ + + + + − + Δ , 2 2r =
2

t
h

Δ  (15)  

b)For points of type   , use the standard five points approximation formula on the 
hΩ grid: 
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 (16) 

Here, 

3 2
tr

h
Δ= . 

 
Fig. 2. Grid points which are involved in the iterative process at time level k+1. 

2.2 Modified Explicit Decoupled Group (MEDG) AOR method 
To formulate the MEDG (AOR) method for the diffusion equation, we consider the rotated 
five-point approximation formula for the diffusion equation with 2h  spacing: 



 
Advanced Methods for Practical Applications in Fluid Mechanics 

 

106 

 
Fig. 3. Points involved in the updates of solutions in 4 points MEG (AOR). 
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Here, 

24
tr

h
Δ= . 

The method is constructed by firstly dividing the grid points into 4 types of points in a 
specific alternate ordering as shown in Fig. 5 in a unit square domain with n=14. The MEDG 
(AOR) formula for diffusion equation can then be obtained by applying equation (17) to 
groups of points of type  in the solution domain. This application will produce a 4x4 
system which can be inverted and rewritten in explicit decoupled form of two equations:  
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Fig. 4. Group of points involved in the iterative process with the spacing of 2h for MEDG 
(AOR) at time level k+1 and k. 

The resulting grid or the computational molecule to update at the two points can be viewed 
in Fig. 4 with a mesh size 2h. From Fig. 5, it is obvious that the evaluation of equations (18) -
(19) involves only points of type . This means that by using the approximation formulas 
(18)-(19), it is easy to see that the black filled points are linked only to the same type of 
points. Thus the iterative procedure involving these formulas can be performed 
independently of the other type of points. We can then formulate the four points MEDG 
(AOR) method as in Algorithm 2:  
Algorithm 2 
1. Divide the grid points at layer k+1 into points of type ,  ,  and  as shown in Fig. 

5.  
2. Set the initial guess for the iterations. 
3. Evaluate the solution at the points of type  iteratively at layer k+1 by using equations 

(18)-(19). 
4. Check the convergence. If the iterations converge, go to step 5. Otherwise, repeat step 2 

and step 3 until convergence is achieved. 
5. After the solutions at points of type  converge, the converged points are then adopted 

as initial guess for the next time level.  
6. Then, repeat steps 1 to 5 until the solutions at all the required time levels have been 

obtained. 
7. For the solutions at the remaining points at layer k+1 (Fig. 5), compute them directly 

once according to the following sequence: 
a. For points of type , use the standard five points approximation formula on the 

2hΩ  grid:  
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b. For points of type   , use the rotated five points approximation formula on the 

2hΩ  grid:  

 2
i , j i 1, j 1 i 1, j 1 i 1, j 1 i 1, j 1

2

1 ru ( (u u u u
1 2r 2 − − + − − + + += + + +

+
  

 i 1, j 1 i 1, j 1 i 1, j 1 i 1, j 1 2 i , j i , jv v v v ) (1 2r )v tF )Δ− − + − + − + ++ + + + + − + , 2 2

tr =
2h
Δ   (21)  

c. For points of type    , use the standard five points approximation formula on the 
hΩ  grid: 

3
, 1, 1, , 1 , 1

3

1 ( (
1 2 2i j i j i j i j i j

ru u u u u
r − + − += + + +

+
  

 1, 1, , 1 , 1 3 , ,) (1 2 ) )i j i j i j i j i j i jv v v v r v tF− + − ++ + + + + − + Δ , 3 2= tr
h
Δ   (22) 

 

 
Fig. 5. The discretized domain of the four points MEDG (AOR) method at time level k+1. 

3. Numerical experiments of the sequential group methods 
In order to verify the performance of the proposed methods which were shown in previous 
sections, the algorithms were tested on the following model problem: 
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2 2

2 2 sin sin 4tu u u x ye
t x y

−∂ ∂ ∂= + + −
∂ ∂ ∂

 (23) 

with Dirichlet boundary conditions satisfying its exact solution  

2 2( , , ) sin sin tu x y t x ye x y−= + + ,  

( , )x y ∈ ∂Ω , ∂Ω  is the boundary of the unit square Ω . The model equation (23) is of the form  

2 2

2 2 ( , , , )u u u g x y t u
t x y

∂ ∂ ∂= + +
∂ ∂ ∂

  

and is normally called a reaction-diffusion equation which models the movement of basic 
particles in sciences (for example, heat transfer, growth population, or dilution of chemical 
in water) in a region Ω . Here,  

2 2

2 2
u u

x y
∂ ∂+
∂ ∂

  

is the diffusion term which describes the movement of the particles and the remaining term 
at the right hand side of equation (23) (i.e. g(x,y,t,u)) is the reaction term which describes 
changes (due to birth, death, chemical reactions, etc.) occuring inside the region (or habitat). 
For this numerical experiment, we purposely find a model problem which has an exact 
solution to ensure that the proposed methods yield correct results. To terminate the iteration 
process, the relative error test, i.e. ( 1) ( ) ( 1)( ) /(1 ( ))m m m

ij ij ijError abs u u abs u+ += − + , was used as the 
convergence test with tolerance ε = 1.0 x 10-6. As described in Section 2.1, the over-relaxation 
parameters, R and w, need to be found which give the best convergence rates for the 
proposed schemes. To achieve this, we obtained the values of w for the corresponding SOR 
scheme, and then the value of R was found by running the experiments using these specific 
values of w which gave the least number of iterations. Different grid sizes of n = 82, 102, 122, 
142, 162, 182 and 202 were chosen to record the total iteration counts (Iter) at all time levels 
and computer timings (t) of the group AOR methods. The value of tΔ = 0.0005 with 1000 
time levels was used to run the programs. 
The numerical results of the proposed MEG(AOR) and MEDG (AOR) methods together 
with the original explicit group methods EG(AOR), EDG(AOR) are tabulated in Tables 1 to 
2. The point AOR method which uses the existing traditional Crank-Nicolson scheme (5) 
accelerated with the AOR technique is also shown in Table 3 for comparison purposes . The 
value of R was chosen experimentally to be close to the value of w  as depicted in the tables. 
All of the methods tested are of second order accuracies so that the results they produce are 
of similar accuracies as seen in Table 4. From Tables 1 and 2, it can be seen that between 
EG(AOR) and EDG(AOR), the latter has better rates of convergence which is consistent with 
the results in Ali and Lee (2007) for the elliptic problem. The diffusion equation is a time 
dependent parabolic equation where each time level represents an elliptic problem. In these 
tables, it can also be observed that both of the proposed MEG (AOR) and MEDG (AOR) 
methods have better execution times than the original EG (AOR) and EDG (AOR) respectively 
which is due to the reduction in computing efforts of the proposed methods. In the proposed 
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modified group schemes, lesser grid points are involved in the iterative processes than the 
original group schemes which result in lesser overall arithmetic operation counts 
 

EG(AOR) MEG(AOR) 

n R w  Iter t R w  Iter t 

82 1.308 
1.3128-
1.3134 13472 13.75 1.109 

1.110-
1.111 7421 6.766 

102 1.3825 
1.3843-
1.3849 16613 21.875 1.1645 

1.1646-
1.1656 8703 9.469 

122 1.44175 
1.44561-
1.4458 19841 34.375 1.2134 

1.216-
1.219 10410 13.453 

142 1.49475 
1.49903-
1.4992 23523 51.172 1.26475 

1.2672-
1.2676 11672 19.015 

162 1.5319 
1.5374-
1.5375 26931 72.11 1.308 

1.3128-
1.3134 13472 26.36 

182 1.57195 
1.5761-
1.5762 30634 102.578 1.348 

1.3495-
1.3499 14914 33.344 

202 1.60085 
1.60397-
1.60402 34307 133.375 1.3825 

1.3839-
1.385 16614 41.453 

Table 1. The numerical performances of the EG(AOR) and MEG(AOR) methods. 

 
EDG(AOR) MEDG(AOR) 

n R w  Iter t R w  Iter t 

82 1.2305 
1.238-
1.239 10398 9.328 1.066 

1.064-
1.069 6208 5.89 

102 1.302 
1.3114-
1.3117 12564 14.157 1.105 

1.104-
1.11 7239 8.89 

122 1.367 
1.3675-
1.3678 14879 19.891 1.15 

1.15-
1.154 8286 12.391 

142 1.4207 
1.4213-
1.4217 17448 29.406 1.19 

1.191-
1.195 9343 15.641 

162 1.467 
1.4694-
1.4702 19853 41.235 1.23 

1.237-
1.24 10396 20.672 

182 1.5075 
1.50808-
1.5082 22344 52.672 1.27 

1.2773-
1.2786 11480 26.266 

202 1.54 
1.5449-
1.5453 24927 67.266 1.3017 

1.311-
1.312 12561 32.187 

Table 2. The numerical performances of EDG(AOR) and MEDG(AOR) methods 
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Point C-N (AOR) 

n R w  Iter t 

82 1.34545 1.35832 15706 25.469 

102 1.43985 1.4307 19127 43.906 

122 1.4833 1.51066 23884 72.182 

142 1.53835 1.5574 27683 101.11 

162 1.58092 1.588 30430 148.813 

182 1.6301 1.63048 34878 212.141 

202 1.66 1.66004 38945 282.328 

Table 3. The numerical performance of point Crank-Nicolson (C-N) AOR method. 

 

Average Errors 

n C-N AOR EG AOR EDG AOR MEG AOR MEDG AOR 

82 5.76E-04 2.43E-04 4.13E-04 1.42E-04 5.25E-04 

102 5.78E-04 2.31E-04 3.91E-04 1.41E-04 5.16E-04 

122 6.35E-04 2.23E-04 3.74E-04 1.38E-04 5.06E-04 

142 7.44E-04 2.24E-04 3.64E-04 1.35E-04 4.94E-04 

162 8.96E-04 2.35E-04 3.66E-04 1.32E-04 4.81E-04 

182 1.07E-03 2.58E-04 3.82E-04 1.29E-04 4.67E-04 

202 1.26E-03 2.91E-04 4.11E-04 1.26E-04 4.55E-04 

Table 4. Average errors of all the methods for different mesh sizes. 

From Tables 1 and 2, it can also be concluded that MEDG (AOR) is able to show the most 
substantial reduction in execution times compared with the other group and point AOR 
schemes without having to jeorpadize the solution accuracies. MEDG (AOR) requires the 
least number of total iterations and computing timings to converge. The required number of 
iterations is reduced because the introduction of the over-relaxation parameters, w and R, 
into its formulas is able to reduce the most the number of iterations of the scheme compared 
with the other schemes tested. This combined with the fact that only about 1/8 of the total 
nodal points are involved in the iterative process at each time level results in the least 
computing times for this method. In summary, the proposed MEG (AOR) and MEDG 
(AOR) methods are viable alternative solvers to the diffusion equation with the latter being 
the more efficient one in terms of CPU times.  
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4. Parallel implementations for the group methods 
This section will discuss the implementation of the proposed group methods on a message-
passing environment.  

 
Fig. 6. Domain Decomposition For MEG (AOR) for the case n = 18 and p = 3 

4.1 MEG (AOR) in parallel 
For the MEG (AOR) method, we decompose the domain Ω into a number of vertical panels 
at layer k+1 based on the number of available processors, p. The idea is to allocate 
approximately equal number of strips to the processors. Each strip consists of four grid lines 
which form the four points blocks with the spacing of 2h between the points. The equal 
number of vertical strips in each panel can be approximated using a specific formula. The 
distribution of tasks (panels) to processors for the case n=18 and p= 3 is as shown in Fig. 6 
where the configuration is as follows: 

1+1(extra) strips for one panel 1 strip for each panel 

 
Decomposition 

t 
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- Number of panels = Number of processors, p = 3. 
- Number of strips in a panel = (n-2) / 4p = (18-2)/12 =1. 
- Number of panels that have an extra one strip = ((n -2) % 4p)/2 = ((18-2) %12)/4 = 1. 
As shown in Fig. 6, we distribute 1+1(extra strip) strips into panel 1. The other panels (panel 
2 and 3) will be allocated with 1 strip of values to update.  
 

 
Fig. 7. Send right boundary cell values (grid A’s) to left adjacent neighbouring panel. 

 

 
Fig. 8. Send left boundary cell values (grid B’s) to right adjacent neighbouring panel. 

After the domain Ω is decomposed into the individual panels, message passing needs to be 
done between the processors to send and receive data at the right and left boundaries of 
each panel. Based on equations (13)-(14), certain values from adjacent processors need to be 
communicated during the iterative cycle. The right boundary cell values, grid A’s (panels 1 

Panel 3Panel 2 Panel 1

Panel 3 Panel 2Panel 1
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and 2) will be sent to the left adjacent neighbouring panels (panels 2 and 3) as shown in Fig. 7. 
The left boundary cell values, grid B’s (panels 2 and 3) will be sent to the right adjacent 
neighbouring panel (panels 1 and 2) as shown in Fig. 8. These communications need to be 
executed correctly to ensure that each processor possesses the correct values needed for their 
respective independent calculations. After the message passing process is completed, the local 
error for each processor is calculated and is sent to the master processor for the global 
convergence check. The local convergence test used is the relative error test similar with their 
sequential counterparts. The global error is the sum of the local error from each processor. If 
the global error is greater than a certain tolerance ε, then the iteration is repeated.  

4.2 MEDG (AOR) in parallel 
Similar with the MEG (AOR) method, we decompose the spatial domain Ω into a number of 
vertical panels based on the number of available processors, p. For MEDG (AOR), we rotate 
the x-y axis clockwise 045 and forms the four points block with the spacing of 8h  between 
the points of the matrices.  
 

 

 
Fig. 9. Domain Decomposition For MEDG (AOR). 

2 (extras) strips for one panel 1 strip for each panel 

Decomposition 

8h
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We again consider the ordering of the strips for the case n=18 and p= 3 as  shown in Fig. 9. 
Each strip consists of four grid lines which form the four-point groups with spacing 2h. We 
will distribute 1+1(extra strip) strips into panel 1. The other panels (panels 2 and 3) will be 
allocated with 1 strip each to ensure that the tasks are distributed almost equally amongst 
the processors. The number of strips for each panel (processor) will be computed similar as 
the one in the previous method.  
 

 
Fig. 10. Send right boundary cell values (grid A’s) to the left adjacent neighbouring panel. 

 

 
Fig. 11. Send left boundary cell values (grid B’s) to the right adjacent neighbouring panel. 

After the domain Ω is decomposed into the individual panels, message passing needs to be 
done between the processors to send and receive data at the right and left boundaries of 
each panel. The points involved in the iterative process are different from the ones in the 

Panel 3Panel 2 Panel 1 

Panel 3Panel 2Panel 1 
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previous method due to their different computational molecules. From equations (18)-(19), 
we can determine these specific values that need to be communicated between adjacent 
panels during the iterative cycle as shown in Fig. 10 and Fig. 11. The local and global 
convergences are checked the same way as in MEG.  

5. Performance analysis of the parallel group methods 

We assume that there are q2 internal mesh points where q=n-1 and arithmetic operations 
estimates for each method are made per iteration. We assume that the values r, ,i jtFΔ , 1-
w, 1 2 3 4 5 6, , , , ,s s s s s s  are stored beforehand. To update a single block in MEG (AOR) method, 
the computing cost is given by equation (24): 

 meg(aor)-update a mt   61t   53t= +  (24) 

with at = the cost of the addition for a double point and mt = the cost of the multiplication 
for a double point. Here, we will consider the problem size, n, and number of processors, p, 
to have a complete iterative step for the computational cost of MEG (AOR) method which is 
given by 

 
2

meg(aor)-comp meg(aor)-update
( 1)t   t

16
q

p
−

=   (25) 

The transition cost for message passing of double-type data in a distributed memory 
multicomputer is given by 

 send s dt    t    tq= +   (26) 

where st  is the startup time, and dt  is the sending time for a double-type data. The 
computation of the MEG (AOR) formula requires that q points to be passed to the adjacent 
processor in an iteration. Therefore, the total communication cost of MEG (AOR) method in 
a single iterative step, consisting of two sequential point-to-point communications and one 
global collective communication, is given by 

 meg(aor)-comm s dt    4t    4 tq= +   (27) 

After the message passing process is completed, the local error for each processor, p, is 
calculated and sent to the master processor for the global convergence check. Therefore,  

 
2

meg(aor)-global a m s d
( 1)t   (2t   t )  (t   t )

4
q p

p
−

= + + +  (28) 

The total costs of iterations in parallel MEG (AOR) method is 

 meg(aor) meg(aor)-comp meg(aor)-comm meg(aor)-globalt   t t t  = + +   (29) 

After completing the iteration process, we need to compute at the remaining points by using 
the rotated five points formula for points of type    and standard 5-points formula for points 
of type . This process will be done directly once and the cost of these processes is 
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2 2

meg(aor)-once meg(aor)-rotated meg(aor)-standard
( 1) ( -1)t   t t

4 2
q q+= +   (30) 

where  

meg(aor)-rotated a mt 9t  3 t= +  

and 

 meg(aor)-standard a mt 9t  3 t= + . 

For the MEDG (AOR) method, we assume that the values r, ,i jtFΔ , 1-w, 1 2 3 4, , ,s s s s  are stored 
beforehand. To update a single block in this method, the cost is as follows: 

 medg(aor)-update a mt   27t   18t= +  (31) 

with at = the cost of the addition for a double point and mt = the cost of the multiplication 
for a double point. We will also consider the problem size, n, and number of processors, p, to 
have a complete iterative step for the computational cost of MEDG (AOR) method which is 
given by 

 
2

medg(aor)-comp medg(aor)-update
( 1)t   t

16
q

p
−

=   (32) 

The transition cost for message passing of double-type data in a distributed memory 
multicomputer is given by 

 send s dt    t    tq= +   (33) 

where st  is the startup time, and dt  is the sending time for a double-type data. The 
execution of the MEDG (AOR) formula requires that q points to be passed to the adjacent 
processor in an iteration. Therefore, the total communication cost of MEDG (AOR) method 
in a single iterative step, consisting of two sequential point-to-point communications and 
one global collective communication, is given by 

 medg(aor)-comm s dt    4t    4 tq= +   (34) 

After the message passing process is completed, the local error for each processor, p is 
calculated and is sent to the master processor for the global convergence check. Therefore,  

 
2

medg(aor)-global a m s d
( 1)t   (2t   t )  (t   t )

8
q p

p
−

= + + +   (35) 

As such, the total costs of iteration in MEDG (AOR) method in parallel is 

 medg(aor) medg(aor)-comp medg(aor)-comm medg(aor)-globalt   t t t  = + +   (36) 
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After completing the iteration process, we need to compute the solutions at the remaining 
points using the standard 5-points formula with the spacing of 2h for the points , rotated 5-
points formula for  and standard 5-points method for . This process will be done only 
once directly and the cost of computing these values is 

 
2 2 2

medg(aor)-once medg(aor)-standard_2 h medg(aor)-rotated medg(aor)-standard
( -1) ( 1) ( -1)t   t t t

8 4 2
q q q+

= +  (37) 

where 

medg(aor)-standard_2 h a mt 9t   3t= +  , medg(aor)-rotated a mt 9t  3 t= +   

and  

medg(aor)-standard a mt 9t   3t= + . 

5.1 Benchmarking 
Although it is difficult to obtain reliable estimates for various parameters in any 
performance models, we run several benchmarking tests on the computing cluster available 
at the School of Computer Science, Universiti Sains Malaysia (USM), in which the 
experiments of explicit group methods were carried out. This process is to ensure that we 
could get the best benchmark with more tests on different time. The specifications of the 
clusters are shown as below: 
a. Stealth cluster consists of 1 unit of PC with two 900 MHz CPUs, 2GB RAM, and  
b. 6 units of PCs each with two 1002 MHz CPUs, 2 GB RAM.  
c. Solaris9 (SunOS 2.9) with Sun HPC ClusterTools 5 and Sun MPI 6.0. 
 

Performance parameter Benchmark in Stealth cluster 

MEG (AOR) point update cost, meg(aor)-updatet  1.53 µs/block 

MEDG (AOR)point update cost, 
medg(aor)-updatet  

1.43 µs/block 

sending startup time, st  2.3 µs 

sending word cost, dt  0.033 µs/point 

global convergence check cost, meg(aor)-globalt  

and medg(aor)-globalt  

0.066 µs/point +  
2.333 µs/proccessor 

Table 5. Performance parameters benchmarking in Stealth Cluster, USM. 

5.2 Scalability analysis 
By referring to the parameter values in Table 5, we form the performance models for MEG 
(AOR) and MEDG (AOR) methods which are shown as the following: 
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a) MEG (AOR): 
2 2

method
( 1) ( 1)t ( , )  A B   C D  E

16 4
q qn p q p

p p
− −

= + + + + , (38) 

b) MEDG (AOR): 
2 2

method
( 1) ( 1)t ( , )  A B   C D  E

16 8
q qn p q p

p p
− −

= + + + +  (39) 

where A, B, C, D and E are coefficients of the methods which shown in Table 6. 
 

Method A B C D E 

MEG (AOR) 1.53 9.2 0.132 0.066 µs 2.333 
MEDG (AOR) 1.43 9.2 0.132 0.066 µs 2.333 

Table 6. Coefficients of the performance models in µs. 

6. Numerical results of the parallel group accelerated methods 
We implement the parallel algorithms on the Stealth cluster at USM. The experiments were 
carried out on 1 unit of PC with two 900 MHz CPUs, 2 GB RAM, and 6 units of PC, where 
each PC had two 1002 MHz CPUs and 2 GB RAM. The Operating System used was Solaris9 
(SunOS 2.9) with Sun HPC ClusterTools 5 and Sun MPI 6.0. The parallel algorithms were 
tested on the same model problem that was used for the sequential version (23). For the 
MEG (AOR) and MEDG (AOR) methods, the sizes of n were chosen appropriately to make 
sure that all of the strips consisting of two grid lines can be decomposed approximately 
evenly to the 6 processors. The tolerance used was ε = 1.0 x 10-6 and the acceleration 
parameters, w and R, were chosen to give the least number of iterations. 
From Table 6, we can see that the computation coefficient of MEDG (AOR) is slightly lesser 
than MEG (AOR). Therefore we expect that MEDG (AOR) should have better timings if 
compared to MEG (AOR). We further test the scalability analysis by comparing the 
experimental and predicted timings of these methods using n = 182 and 202 which are 
shown in Figs. 12 and 13 respectively.  
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Fig. 12. Comparison of Predicted Timings and Experimental Timings of parallel MEG (AOR) 
and MEDG (AOR) methods for n = 182. 
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Fig. 13. Comparison of Predicted Timings and Experimental Timings of parallel MEG (AOR) 
and MEDG (AOR) methods for n = 202. 

The figures show that the experimental and predicted timings are very close to one another 
especially when the grid size is larger. Comparing between the two grid sizes, it is found 
that the efficiency improves as the grid size increases. This improvement indicates that the 
performance models are more accurate as the grid sizes increase. Based on the parallel 
implementation which was described in Section 4, we used the size of n = 162, 182 and 202 
to record the timings, speedups and efficiencies of both the MEG (AOR) and MEDG (AOR) 
methods. Several performance results of the MEG (AOR) and MEDG (AOR) methods are 
shown in Figs. 14-16. 
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Fig. 14. Comparisons of execution time (Left) and speedup values (Right) between 
MEG(AOR) and MEDG(AOR) methods for n = 162.  
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Fig. 15. Comparisons of execution timings (Left) and speedup values (Right) between 
parallel MEG(AOR) and MEDG(AOR) methods for n = 182.  
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Fig. 16. Comparisons of execution timings (Left) and speedup values (Right) between 
parallel MEG(AOR) and MEDG(AOR) methods for n = 202.  

From these figures, we can see that the parallel MEDG (AOR) is better in execution timings 
compared to the MEG (AOR). Generally we can see that with the enhancement of grid size, 
the speedup increases with nearly 70% efficiency. However, the speedup and efficiency 
values of MEG (AOR) are slightly better than MEDG (AOR). This difference in values 
indicates that the amount of computations carried out over the total communication 
overheads in MEG(AOR) is greater than the one in MEDG(AOR). 

7. Conclusions 
In this chapter, the formulation of new improved explicit group AOR methods in solving 
the two dimensional diffusion equation is presented. The improvement of the numerical 
result shows the potential of these methods in solving the parabolic equation. We further 
implement both of these methods on a cluster of distributed memory computer using 
Message-Passing Interface programming environment. The experimental results show that 
these two methods can be performed successfully in parallel on a cluster of distributed 
memory computer. Performance models to explain the parallel behaviour of these proposed 
methods were also developed. The experimental timings agreed with the predicted results 
especially when the grid size and processors increase. The MEDG (AOR) shows a faster rate 
of convergence with similar accuracies if compared with MEG (AOR), especially when the 
grid size increases. Both methods were shown to be suitable to be programmed on a 
distributed memory computer.  
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An Idealised Biphasic Poroelastic Finite 
Element Model of a Tibial Fracture 

Sanjay Mishra  
School of Engineering Systems, Queensland University of Technology, Brisbane,  

Australia  

1. Introduction 
The outcome of a bone fracture partly depends upon the mechanical environment 
experienced by the fracture callus (reparative tissue) during the healing. Therefore 
biomechanics of bone fracture healing has been examined in many clinical or biological, 
mathematical or finite element studies (Cheal et al. 1991, DiGioia et al. 1986, Claes et al. 
1999, Doblaré et al. 2004 and Oh et al. 2010). Most of the studies model the components of 
bone fractures as monophasic, homogenous materials, which may not be appropriate 
considering the large inter fragmentary displacements and high porosity of the reparative 
tissue. Therefore, this study describes an idealised mathematical model of a healing bone 
fracture with biphasic approach when the callus bone is modelled as mixture of solids and 
fluids.  
Markel et al. (1990) reported that the porosity of the callus in a healing canine osteotomy 
decreased from 99.6% at 2 weeks to 38% at 12 weeks. Therefore, the biphasic, poroelastic 
model for fracture callus and bone has been suggested in the literature (Carter et al. 1998, 
Simon et al. 1992, Prendergast et al1997, Spilker et al. 1990). Biphasic poroelastic models for 
soft tissues (Mow et al. 1980, Simon et al. 1985, Van Driel et al. 1998, Prendergast et al. 1997, 
Spilker et al. 1990) have been developed and applied to model cartilage (Mow et al. 1980) 
and intervertebral discs (Simon et al. 1985). Van Driel et al. (1998) and Prendergast et al. 
(1997) modelled tissue adjacent to prostheses using poroelastic material properties to 
investigate tissue differentiation. In the field of fracture healing however, only monophasic 
material properties of callus have been simulated (Carter 1988, Carter 1998, Blenman 1989, 
Cheal 1991, DiGioia 1986, Claes 1999, Gardner 1998 and 2000). This is probably because of 
the paucity of data in the literature on the values of parameters required to define the 
biphasic material properties of fracture callus. Simulation of a biphasic, compressible, 
anisotropic, linear poroelastic material model requires forty material constants (Simon 1992). 
Even the very simplified simulation of an isotropic material requires a minimum of five 
material constants. However, the number of material constants required to simulate a 
biphasic, poroelastic medium can be further reduced to three if the solid and fluid media are 
assumed to be incompressible (Simon 1992). These three independent material parameters 
are Lame's material stiffness parameters (λ and μ) and hydraulic permeability (k). 
Alternatively, Zienkiewicz and Taylor (1994b) suggested a method to model poroelastic 
behaviour under `undrained' condition using the modulus of elasticity, Poisson's ratio, the 
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porosity of the matrix, and the bulk modulus of the fluid phase. In the present study, a finite 
element model (FEM) based on the poroelastic behaviour of the `undrained' callus at four 
temporal stages of healing is developed by modifying the theory proposed by Zienkiewicz 
and Taylor (1994). This model was developed to examine the influence of fluid pressure on 
the pattern of healing and to compare the distribution of stresses in the callus with the 
monophasic solutions developed for the same subject at the same temporal points reported 
earlier by Gardner et al. (2000).  

2. Materials and methods 
2D, monophasic, plane stress, FEM's of a mid-diaphyseal tibial fracture were developed at 
four stages during healing (4, 8, 12, and 16 weeks post operation) by Gardner et al. (2000). 
The geometry and the regionalisation of the callus are shown in Figure 1. The geometry, 
finite element meshing, boundary conditions (Figure 2) and applied displacements (Table 1) 
used in the study of Gardner et al. (2000) are adopted in the biphasic poroelastic models of 
the present study. The tissue histology and calculated elastic moduli of regions of callus at 
four stages of healing are shown in Table 2.  
 

Week x(mm)   y(mm)  Z(radians) 
4 .283      -.377      -.00329 
8 -.015     -.159       .00201 

12 -.092     -.260       .00169 
16 -.129     -.111      -.00215 

Table 1. Interfragmentary displacements measured during walking corresponding to peak 
longitudinal displacements. y (longitudinal), x (transverse), Z (rotational in x-y plane) 
adopted  from the study of Gardner et al.  (2000). 

 
Stage CENTRAL ADJACENT PERIPHERAL 

weeks tissue type Modulus
(MPa) 

tissue type Modulus 
(MPa) 

tissue type Modulus 
(MPa) 

4 Haematoma, 
granulated 
tissue 

    0.9 Soft connective 
tissue with invading 
vasculature 

     3.8 Soft 
fibrocartilage 
tissue 

     76 

8 Fibrous 
perichondrial 
tissue 

      28 Woven bone,   25% 
maturation 

    700 Dense fibrous 
tissue, 45% 
maturation 

   2800 

12 Fibrous 
perichondrial 
tissue 

     30.6 Woven bone, 25% 
maturation 

    765 Dense fibrous 
tissue, 45% 
maturation 

  3060 

16 Fibrous 
cartilage tissue, 
10% maturation

      75 Woven bone, 60% 
maturation 

   5000 Bone, 100% 
maturation 

  20000 

Table 2. Tissue histology and calculated Young’s moduli of the three regions of fracture 
callus, at 4, 8, 12 and 16 weeks post fracture adopted from the study of Gardner et al. (2000).  
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Fig. 1. (i) Regions of cortical bone and callus in the 2D finite element models a- adjacent 
(green), c- central (yellow), p- peripheral (red), (ii) Schematic diagram showing the bone 
fracture, external fixation device and callus region (adopted from Gardner et al. (2000 ). 
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Fig. 2. Boundary condition of the finite element model, showing the fixed lower boundary 
and the displacement of the upper bone fragment applied at the fracture centre adopted 
from the Gardner et al. (2000 ). 

However, the callus tissue in the present study was idealised as a homogenous, fully 
saturated, linear poroelastic medium consisting of a matrix of solid and incompressible 
fluid, as opposed to the monophasic material properties in the study of Gardner et al. 
(2000). The following section describes the theory employed for calculating equivalent 
poroelastic material properties of the callus from the modulus of elasticity, Poisson's ratio, 
porosity and bulk modulus of the fluid of the callus tissue. Unlike a monophasic medium, 
the normal stress acting across a plane within a biphasic poroelastic mass will have two 
components, an inter-granular pressure known as effective pressure or effective stress, 
and a fluid pressure called the pore pressure. The sum of these two will constitute the 
total normal stress. The volume change characteristics and the strength of poroelastic 
mediums are controlled by the effective stress not by the total stress. Thus the only 
difference between the present study and the previous study of Gardner et al. (2000) is 
that the constitutive equation of the callus is changed from monophasic medium to a 
biphasic poroelastic medium.  

3. Mathematical description of the model 
For 2D plane stress analysis, the constitutive equation for a monophasic material 
(Zienkiewicz and Taylor (1994a)) is 

 
x x

y y

xy xy

σ ε
σ ε
τ γ

   
      = =   
   
      

σ D                                                   (1)    

Where σ is total stress. σx , σy are normal stresses in the x and y directions, τxy is shear stress 
in the x-y plane, εx , εy are normal strains in the x and y directions and γxy is the shear strain in 
the x-y plane. For plane stress analysis the constitutive matrix D (Zienkiewicz and Taylor 
1994a) is defined as 
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Where E and ν are the Young’s Modulus and the Poisson’s ratio of the material. 
A plane stress, linear elastic finite element program can be used to analyses the linear elastic 
plane strain problem (Zienkiewicz and Taylor (1994a)) by substituting  

 21
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Where subscript ‘s’ denotes plane stress parameters and ‘n’ denotes plane strain parameters. 
Substituting equation (3a) and (3b) into equation (2), we have  
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Thus a linear elastic plane strain D-matrix is obtained. 
The equation for static equilibrium in 2D (Dawe 1984) is: 

  (∂σx/∂x ) + (∂τxy /∂y ) + Rx = 0 (5a) 

 (∂σy /∂y ) + (∂τxy /∂x ) + Ry = 0 (5b) 

Using the definition of effective stress (Zienkiewicz and Taylor (1994b)) 

 σX  = σ’X – p (6a) 

 σY  = σ’Y – p (6b) 

 τXY = τ’XY (6c) 

where σX ,σY, τXY are total stresses; Rx , Ry are body forces; σ’X , σ’Y , τ’XY are effective stresses 
(positive value for tensile stresses and negative for compressive stresses), p is pore pressure 
of the fluid, which is conventionally described as positive for compressive pressure and 
negative for tensile pressure. 
The combined seepage and conservation of fluid equation described by Zienkiewicz and 
Taylor (1994b) is:  

 0X Y
p p pk k

x x y y Q
ε ε

 ∂ ∂∂ ∂ − − + + + =  ∂ ∂ ∂ ∂   

                             (7) 

Where k is the permeability of the fluid, Q is the ratio of the bulk modulus of fluid to the 
porosity of the media and εX, εY represent the volumetric strain rates of the solid skeleton. 
The superscript ‘dot’ denotes differentiation with respect to time. Since the gait cycle 
frequency of this clinical fracture was approximately 1 Hz, it is reasonable to assume that 
little or no seepage from the callus occurs during loading (Carter 1998, Gardner 1998). 
Therefore, because the time scale is short, if the local `undrained' condition of the callus is 
assumed, permeability ‘k’ can also be assumed to be effectively zero. Under these 
conditions, Equation 7 becomes: 

 0X Y
p
Q

ε ε+ + =
    (8) 

Or 

 (p Q= − )ε εΧ Υ+                                         (9) 

Integrating with respect to time and assuming homogenous initial conditions (p = 0, 
 εX = εY = 0 at t = 0): 

 p = −Q( εX + εY) (10) 

Substituting this value in equation (6a) and (6b) gives: 

 σxx  = σ’xx + Q ( εX + εY ) (11) 

 σyy  = σ’yy + Q ( εX + εY ) (12) 
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Expanding for two-dimensional plane strain analysis (σz ≠ 0) gives: 

 

'

'

'
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y x y zy

z x y zz
xy xy
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σ ε ε εσ
σ ε ε εσ
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τ τ

  + +  
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+ +     
     
     

 (13) 

Noting that the material behaviour is controlled by the effective stress in a poroelastic 
medium, then 

 ′ =σ Dε  (14) 

Combining equation (13) and (14): 
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D  (15) 

If the modified stress-strain relationship is defined as: 

 =σ D'ε   (16) 

then 
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D  (17) 

and  

 Q = Kf / n, (18) 

where Kf is the bulk modulus of the fluid phase and n is the porosity of the porous media. 
Thus the D'  matrix (Equation 17) for a poroelastic medium can be calculated by 
substituting Q values in the D matrix of corresponding plane strain analysis (Equation 4C). 
The D matrix can be expanded to calculate the new set of material properties, E and ν, 
corresponding to the poroelastic material behaviour under undrained condition. 

4. Development of the poroelastic FEM from the monophasic FEM  

Using the above theory, a new set of material properties (E and ν) were calculated from the 
refined values of E and ν of the monophasic model of Gardner et al. (2000) and the values of 
Q described in this section. At first, the proportion of calcified tissue in the callus was 
extrapolated from data (at E = 800 MPa 20% calcification; at E = 2000 MPa 40% calcification; 



 
Advanced Methods for Practical Applications in Fluid Mechanics 

 

130 

at E = 8000 MPa 70% calcification and at E = 18000 MPa 100% calcification occurs ) taken 
from Davy and Connoly (1982) for the new bone at intermediate densities corresponding to 
the elastic moduli of the callus adopted from the study of Gardner et al. (2000 ). The 
calculated calcification of the different regions of callus at 4, 8, 12 and 16 weeks is shown in 
Table 3. The porosity of the callus tissue was then assumed to be inversely related to the 
proportion of the calcified tissue present in the callus (Carter 1977), and therefore was found 
to vary from 0.9 for soft callus (<5% calcification) to 0.3 for woven bone (100% calcification). 
As the porosity of 0.8 was used by Van Driel et al. (1998) for soft fibrous, cartilage and bone 
tissues, by comparison 0.9 appeared valid for the softer tissues of the present model. The 
porosity of 0.3 was suggested for woven bone (Carter 1977) which seems to be valid for the 
harder tissues of the present model. All intermediate values of porosities were linearly 
extrapolated from these two values at corresponding values of calcification shown in Table 
3. The interstitial fluid in the callus was assumed to have the bulk modulus (Kf) of salt water 
(2.3 GPa) (Cowin 1999). 
 

Time 
weeks 

Callus Em 

(MPa)
νm Calcification 

% 
n Q 

(Kf/n) 
Ep 

(MPa) 
νp 

4 central 0.9 0.39 <5 0.9 2555 0.2 0.499 
adjacent 3.8 0.39 <5 0.9 2555 4.38 0.499 

Peripheral 76 0.39 8.8 0.88 2643 81 0.494 
8 central 28 0.39 5 0.89 2613 30 0.498 

adjacent 700 0.30 24 0.78 2948 786 0.46 
Peripheral 2800 0.30 44 0.64 3593 3023 0.43 

12 central 30.6 0.39 5 0.89 2613 33 0.497 
adjacent 765 0.30 25 0.78 2948 858 0.457 

Peripheral 3060 0.30 46 0.64 3593 3291 0.398 
16 central 75 0.30 8.8 0.88 2643 86 0.494 

adjacent 5000 0.30 57 0.57 4035 5283 0.373 
Peripheral 20000 0.30 100 0.3 7666 20381 0.324 

Table 3. Calculation of the equivalent poroelastic material properties of the callus from the 
monophasic material properties.Note: subscript ‘m’ denotes the monophasic model and ‘p’ 
denotes the biphasic poroelastic model. Kf = 2.3 GPa (Cowin 1999). 

5. Results 
Figures 3 and 4 show the contour diagrams of the fluid pressure, effective stress and total 
stress in the callus at 4, 8, 12 and 16 weeks post fracture. Additional figures of effective 
stresses showing only one region of the callus were also drawn for clarity and the results are 
shown in Table 4. At Week 4 (Figure 3a) the peak compressive fluid pressures ( ≥ 400 MPa) 
were present in the cortical gap region, intermediate pressures (≥ 150 MPa) were present in 
the other regions of the interfragmentary gap and the periosteal regions close to the 
interfragmentary gap, and low pressures ( ≤ 50 MPa) were present in the regions of the 
callus remote to the interfragmentary gap. Tensile pressures of up to 100 MPa were present 
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in localised regions of the endosteal callus. At Week 8 [Figure 3(d)] fluid pressures in all 
regions of the callus were reduced (< ± 5 MPa) but elevated pressures (>70 MPa) were 
present in the cortical gap regions. At Week 12 [Figure 4(a)], fluid pressures of greater than 
100 MPa are seen medially and less than 25 MPa laterally in the cortical gap region. All 
other regions indicated low pressures (<10 MPa); however, tensile pressures of about 30 
MPa are indicated in the subperiosteal region on the lateral side. At Week 16 [Figure 4 (d)], 
fluid pressures are further reduced in all regions of the callus, although in the medial inter-
cortical gap they remained elevated (15 < P < 25 MPa). Inter cortical fluid pressures are 
reduced laterally almost to the level of the periosteal callus (0 < P < 1 MPa). 
 

 
Fig. 3. Fluid pressure (p), effective stress (EFF_STR) and total stress (Sigma_Y) in the callus 
at 4 weeks [(a), (b) and (c)] and at 8 weeks [(d), (e) and (f)]. 

Effective stress diagrams are similar in magnitude and distribution to the fluid pressure 
diagrams. As expected, the total stresses (σY) were very low as compared to the 
corresponding fluid pressures (p) because during undrained loading condition, most of the 
load is taken by fluid medium. Also, in the regions of low fluid pressures the effective stress 
magnitudes (Table 4) are approximately equal to the total stresses. The total pressure 
diagrams [Figures 3 and 4 (c) (f)] are similar to the corresponding longitudinal stress 
diagrams of the monophasic model reported earlier by Gardner et al. (2000 ). 
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Fig. 4. Fluid pressure (p), effective stress (EFF_STR) and total stress (Sigma_Y) in the callus 
at 12 weeks [(a), (b) and (c)] and at 16 weeks [(d), (e) and (f)]. 

 
Time in 
Weeks 

Callus region Monophasic model 
Longitudinal stress  

(MPa) 

Biphasic model  
Effective stress  

(MPa) 
4 Central 

Adjacent 
Peripheral 

-1.5 to 0.5 
-1.5 to 0.5 
-1.5 to 0.5 

100 to 1000 
100 to 500 
25 to 500 

8 Central 
Adjacent 

Peripheral 

-1 to 2 
-5 to 2 

-15 to -1 

25 to 150 
-1 to 1 
-1 to 1 

12 Central 
Adjacent 

Peripheral 

-3 to 1 
-8 to 1 

-3 to -15 

100 to 500 
25 to 50 
0 to 12 

16 Central 
Adjacent 

Peripheral 

0 to 4 
-3 to 0 

-3 to -11 

100 to 150 
-1 to 1 
-1 to -5 

Table 4. Longitudinal stress ranges in the monophasic model of Gardner et al. (2000) and 
effective stress ranges in the biphasic poroelastic model. 
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6. Discussion and conclusions 
The magnitudes of fluid pressure and effective stress are very high and therefore appear 
unrealistic. In particular, the high tensile stress would produce cavitation or may lead to gas 
in the pore fluid, and the callus matrix may be ruptured. These conditions are typical of the 
undrained simulation behaviour under large deformations. In reality, no matter how small 
the permeability of the poroelastic medium or how rapid is the loading, fluid flow will occur 
under such high-pressure gradient. Therefore the absolute value of pressure and the 
presence of high tensile pressure in the callus are more an artifact of the modelling 
technique than are the patterns of the distribution of pressure and their trend in variation. 
Thus, for this technique of modelling the presence of spatial or temporal pressure gradients 
within the callus may be a valid indicator of the flow of fluid in the form of blood, nutrients 
or waste products. For example, the tensile fluid pressure regions of the present models at 
peak loading during walking are likely to show reduced magnitudes of tensile pressure or 
compressive pressure during unload phases. The hydraulic gradient will be reversed and 
the fluid flow will be in the opposite direction. This alternate inflow and outflow of fluid 
may be related to the transport mechanism of inflow of nutrients and oxygen, and outflow 
of waste products and carbon dioxide from the callus. Such inflow and outflow may 
enhance the growth of capillary blood vessels, thus accelerating the healing process. 
It can be envisaged from the above that if the movement is too small, the change in fluid 
pressure will be small and the beneficial effect will also be small. Therefore the results of the 
present study corroborate those of other studies (Kenwright 1998, Sarmiento and Latta 1995, 
Goodship and Kenwright 1985, Kenwright and Goodship 1989) suggesting that fracture site 
movement is necessary for efficient secondary healing. However, if the movement is too 
large the fabric of the callus matrix could be damaged because of the cyclical expansion and 
compression, and this damage could hinder healing. 
Furthermore, if the frequency of the movement were too high, the time interval between 
pressure gradient reversals would be too small for the fluid to flow. On the other hand, if 
the frequency is too low, fluid will penetrate the tissues before any substantial hydraulic 
gradient can be developed. Since the present study was limited to a single temporal point 
during the gait cycle it is not possible to define the optimum magnitude and frequency of 
movement beneficial for healing. Models that simulate the different temporal points of the 
gait cycle may provide more information about the optimum movements for fracture 
patients. 
At Week 4 (Figure 3a), there are high compressive fluid pressures in the inter fragmentary 
gap regions because the undrained model is under large compressive displacement and 
fluid is unable to flow out side the system boundary. In this condition the loads is 
predominantly taken by an incompressible fluid that controls the motion of the bone 
fragments and provides support for intact tissues. It does this by increasing the stiffness of 
the limb and it also protects the fracture from further damage (Sarmiento and Latta 1995). 
Since fluid pressure is a function of movement, the cortical gap locations are expected to 
undergo higher pressures than locations further away from the gap, as shown in Figure 3a. 
It is worth noting that at this stage the callus is comprised of more than 90% fluid, therefore 
the incompressible fluid will resist high pore pressure.  
At Week 8, reduction in the porosity (Table 3) and compressive interfragmentary displacement 
(Table 1) of the callus reduce fluid pressure. However, at Week 12, the porosity remains almost 
constant (Table 3) compared to Week 8 but the applied compressive interfragmentary 
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displacement increases (Table 1), resulting in elevated fluid pressures in the adjacent callus. At 
Week 16, both the applied compressive interfragmentary displacement and the fluid pressure 
in the callus reduce. Therefore fluid pressures appear to be more sensitive to longitudinal 
interfragmentary displacements than to the callus-porosity in the present study.  
Fluid pressure distribution patterns correlate with the general pattern of ossification, as 
reported by others (Blenman 1989,Carter 1988, Sarmiento 1995, Yamagishi 1955). Blenman 
and Carter (1989) suggested that ossification progresses through the stages of `bone tuft', 
`bone wedge' and `bone bridge' and poroelastic models appear to corroborate this if it is 
believed that ossification may not take place in the regions of high fluid pressures. At Week 
4, high pore pressure regions of the interfragmentary gap divide the proximal and distal 
callus. Therefore it appears that ossification is possible only in the low-pressure regions of 
the periosteal callus away from the interfragmentary gap, forming the `wedge' shaped 
ossified callus. At Weeks 8 and 12, fluid pressure in the callus is reduced almost to zero at 
the level of the gap, thus allowing the formation of a `bridge' of ossified callus between the 
`wedges'. Since the present study started at 4 weeks post operation, a pattern similar to that 
of the `tufts' theory may have also been present before this stage.  
The similarity between the magnitude and pattern of total stress diagrams of the biphasic 
poroelastic model and the corresponding longitudinal stress diagrams of the monophasic 
model of Gardner et al. (2000) are expected. This is because total stress is a function of the 
total force and total cross section area (Wood 1990) of the callus, which remain similar in 
both the models.  
The greatest disparities between the monophasic and biphasic solutions occur in initial 
healing at Week 4. This disparity exists because the soft callus has a high porosity initially 
and is subjected to high tensile stresses during the large applied initial displacements. As 
the callus calcifies, its porosity and the fluid pressures decrease so that total stress is closer 
to the effective stress. This effect of porosity is evident from Table 4, where the maximum 
difference between stresses from the two models is in the high-porosity central callus and 
the minimum difference is in the low-porosity peripheral callus. The patterns of effective 
stress in the biphasic models also differ from the corresponding monophasic models. In the 
biphasic models, substantial variations of stress are evident at the cortical gap, sub 
periosteal and endosteal callus. Whereas in general, the monophasic models reported by 
Gardner et al. (2000) predicts similar stress regimes throughout the central and adjacent 
callus. Therefore, if the differentiation and maturation of the callus are believed to be 
influenced by the preceding stress environments, then the biphasic models appear to predict 
more realistic patterns of tissue differentiation and maturation. 

7. Limitations of the study 
The results of the present study should be evaluated under modelling limitations. Firstly, 
solutions are valid only for the `undrained' condition that assumes that no fluid moves out of 
the system boundary during loading, but in reality a small amount of fluid may drain through 
the pores of the callus. However this drainage may not have invalidated the results of the 
present study as the gait cycle frequency is approximately 1 Hz, and physiological loading 
periods during the stance phase of gait are around 0.3 to 0.5 seconds, which is probably too 
rapid for significant drainage of fluid to take place (Gardner et al. 1998, 2000 ). Secondly, the 
callus has been idealised as a linear, elastic, fully-saturated porous medium throughout 
healing. These idealised conditions may also be responsible for the high magnitudes of fluid 
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pressure, whereas actual pressures are believed to be lower than predicted by the present 
model. However, the pattern and trend of temporal variations in fluid pressures during 
progressive ossification are unlikely to change significantly as a result of applying slightly 
different poroelastic material properties and constitutive equations. 
Despite the limitations of the present model, these results indicate that the biphasic material 
properties of the callus are more appropriate to the initial soft callus stage of healing and 
support the suggestion of Sarmiento and Latta (1995) “The incompressible fluid effect, or 
hydraulics is most important in early post injury period. We feel that hydraulics is 
responsible for the control of motion of fragments before callus has developed and that it 
provides the significant degree of stiffness observed in loaded limbs with fresh fractures fit 
with fracture braces.”   
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1. Introduction

Modelling the flow through porous media has a great importance for solving the problems
of disposal of radioactive waste. When modelling the flow of contaminated material through
the geosphere, it is important to consider all internal processes (e.g. advection, dispersion,
retardation) within the geosphere, and external processes associated with the near-field
and the biosphere. The general reliability and accuracy of transport modelling depend
predominantly on input data such as hydraulic conductivity, water velocity on the boundary,
radioactive inventory, hydrodynamic dispersion. The output data are concentration, pressure,
etc. The most important input data are obtained from field measurement, which are not
available for all regions of interest. In such cases, geostatistical science offers a variety of
spatial estimation procedures.
A vast variety of important physical processes involving heat conduction and materials
undergoing a change of phase may be approached as Stefan problems. One of these processes
is the heat transfer involving phase changes caused by solidification or melting, which are
important in many industrial applications such as the drilling of high ice-content soil, the
storage of thermal energy and the safety studies of nuclear reactors. Due to their wide range
of applications, the phase change problems have drawn considerable attention of specialists
in different fields of science and engineering.
Another problem which seems to be completely different but is in mathematical terms very
similar to solidification or melting is charring of wood. After wood is exposed to fire it
undergoes thermal degradation. The pyrolysis gases undergo flaming combustion as they
leave the charred wood surface. The pyrolysis, charring, and combustion of wood have been
presented by (Fredlund, 1993) who performed experiments and numerical analyses.
For all physical processesmentioned above, themotion of fluids, phase changes, and pyrolysis
processes are governed by a set of partial differential equations (PDES). These governing
equations are based upon the fundamental conservation laws. The mass, momentum and
energy are conserved in any fluid motions. In most cases, the governing equations are too
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complex to be solved analytically. Therefore the numerical methods have been extensively
used to find an approximate solution of the equations.
Traditionally, the most popular methods have been the finite element methods (FEM), the
finite difference methods (FDM), and boundary element method (BEM). In recent years,
the radial basis functions (RBF) methods have emerged as a novel computing method in
scientific computing community. All the conventional methods mentioned above can be
considered as mesh-based methods characterized by their reliance on a computation mesh
with certain relationship between the nodes. In spite of their great success in solving
scientific and engineering problems over the past five decades, these conventional numerical
methods still have some drawbacks that impair their computational efficiency and even limit
their applicability to more practical problems, particularly in three-dimensional space. The
RBF methods could overcome some of these drawbacks by constructing the approximations
entirely in terms of a set of points. The methods can be extended to multi-dimensional
problems without significant effort. Over the last 30 years, many researchers have shown
a great deal of interest in RBFs. It was used for modelling radionuclide migration (Vrankar et
al., 2004a), (Vrankar et al., 2005), structural topology optimization (Wang S &Wang MY, 2006)
and many other applications (Ling, 2003).
The chapter is organized as follows. In the first section a short description of geostatistics is
given. The sections on radial basis functions follow. The efficiency of the presented method
is explained on three very different cases. The first example presents the usage of RBFs in
geostatistical analysis for modelling of the radionuclide migration. The advection-dispersion
equation is used in either Eulerian or Lagrangian form.
The second case presents a phase change problem. The moving interface is captured by the
level set method at all time with the zero contour of a smooth function known as the level set
function. A new approach is used to solve a convective transport equation for advancing
the level set function in time. This new approach is based on the asymmetric meshless
collocation method and the adaptive combination of RBFs method and Greedy algorithm for
trial subspaces selection.
The last case explores the char formation in the wood as a function of surrounding
temperature. The problem is solved numerically by the radial base function (RBF) methods.
The results are tested on the one-dimensional case in the standard fire conditions, and the
same model is used to analyse a two-dimensional behaviour of timber beam exposed to fire
from three sides.
At the end of the chapter some conclusions are given.

2. Geostatistics

The term geostatistics is employed here as a generic term, meaning the application of the
theory of random fields in the earth sciences (Kitanidis & VoMvoris, 1983). The parameters
are distributed in space and can thus be called regionalized variables. The parameters of a
given geologic formation can conveniently be represented as realisations of random variables
which form random fields.
Stochastic simulation is a widely accepted tool in various areas of geostatistics. Simulations
are termed globally accurate through the reproduction of one-, two-, or multiple-point
statistics representative of the area under study.
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The most convenient method for simulation of random fields is sequential Gaussian
simulation (Deutsch & Journel, 1998) because all successive conditional distributions from
which simulated values are drawn are Gaussian with parameters determined by the solution
of a simple kriging system.
Sequential Gaussian simulation procedure:

1. First, use a sequential Gaussian simulation to transform the data into a normal distribution.

2. Perform variogram modelling on the data. Select one grid node at random, then krige the
value at that location. This also gives the kriged variance.

3. Draw a random number from a normal distribution that has a variance equivalent to the
kriged variance and a mean equivalent to the kriged value. This number is the simulated
number for that grid node.

4. Select another grid node at random and repeat. For the kriging, include all the previously
simulated nodes to preserve the spatial variability as modelled in the variogram.

5. When all nodes have been simulated, back transform to the original distribution. This
gives us first realization using a different random number sequence to generate multiple
realizations of the map.

Kriging (D. G. Krige, a South African mining engineer) is a collection of generalized linear
regression techniques for minimizing an estimation variance defined from a prior model for a
covariance (semivariogram) (Olea, 1991). One of the basic statistical measures of geostatistics
is the semivariance, which is used to express the rate of chance of a regionalized variable along
a specific orientation (or a measure of degree of spatial dependence between samples along a
specific support) (Davis, 1986). If we calculate the semivariances for different values of h, we
can plot the results in the form of a semivariogram:

γ(h) = 0.5×Var [Z(x + h)− Z(x)] , (1)

where Z(x) and h are the realization of random process in the space and norm of vector h =
(‖h‖). Since the semivariogram is a function of distance, the weights change according to
the geographic arrangement of the samples. Kriging can be used to make contour maps, but
unlike conventional contouring algorithms, it has certain statistically optimal properties.

3. Meshless methods

So far, research on the numerical method has focused on the idea of using a meshless
methodology for the numerical solution of PDEs. One of the common characteristics of
all mesh-free methods is their ability to construct functional approximation or interpolation
entirely from information at a set of scattered nodes, among which there is no relationship or
connectivity needed:
Three approaches to meshless methods have been successfully proposed. The first one is
based on the finite element method and employs Petrov-Galerkin weak formulation (Atluri
& Shen, 2002). The second one is of boundary element type (Li & Aluru, 2002). The third
approach employs the RBFs. The base of this approach is its employment of different
interpolating functions to approximate solutions of differential equations. Kansa (1990a)
introduced multiquadric functions to solve hyperbolic, parabolic and elliptic differential
equations with collocation methods. One of the most powerful RBF methods is based on
multiquadric basis functions (MQ), first used by (Hardy, 1971).
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Fig. 1. Graphical presentation of Classical vs. Meshless methods

A radial basis function is the function

ϕj(x) := ϕ(||x− xj||),

which depends only on the distance between x ∈ Rd and a fixed point xj ∈ Rd. Here, ϕj is
continuous and bounded on any bounded sub-domain Ω ⊆ Rd whereas ϕ : Rd → R. Let r ≥
0 denote the Euclidean distance between any pair of points in the domain Ω. The commonly
used radial basis functions are: linear (ϕ(r) = r), cubic (ϕ(r) = r3), thin-plate spline (ϕ(r) =
r2 log r) and Gaussian (ϕ(r) = e−αr2 ). The most popular globally supported C∞ RBFs are MQ
(ϕ(r) = (1+ (r/c)2)β), β = 1/2), (Wang & Liu, 2002). It is also important to mention the
local version of the RBF collocation which does not produce the ill conditioning and is less
sensitive to the shape parameter selection. The local version of the RBF collocation is based
on compactly supported RBF spline: (ϕ(r) = (1− r)m

+p(r)) where p(r) is a polynomial of the
Wendland (Wendland, 1995) compactly supported (CS-RBF) spline.
The parameter c > 0 is a shape parameter controlling the fitting of a smoothing surface to the
data. It has a significant influence on the accuracy of the solution. For this reason, in almost
all previous researches the shape parameter must be adjusted with the number of centers in
order to produce equation systems that are sufficiently well conditioned to be solved with the
standard finite precision arithmetic. The optimal choice of the constant shape parameter is
still an open question, and it is most often selected by the trial and error approach.
To overcome the problems of ill-conditioned matrix many efforts have been made to find new
computational methods being capable of avoiding the ill-conditioning problems using linear
solvers. In the literature, the following methods are reported:

• (a) Using variable shape parameters (Kansa, 1990b),

• (b) preconditioning the coefficient matrix, see Ling and Kansa (Ling & Kansa, 2004),
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• (c) using domain decomposition methods in overlapping or non-overlapping schemes
that decompose a very large ill-conditioned problem into many subproblems with better
conditioning (Kansa, 1990a),

• (d) optimizing the center locations by the Greedy algorithm.

• (e) using an improved numerical solver based on affine space decomposition (Ling &Hon,
2005),

• (f) using complex MQ shape parameters (Fornberg & Wright, 2004), etc.

Combination of the above can be used as optimized solution procedure and accuracy.

3.1 Asymmetric meshless collocation methods for stationary problems
We briefly review the RBF asymmetric collocation scheme. We consider a PDE in the general
form of

Lu(x) = f (x), in Ω ⊂ Rd, (2)

Bu(x) = g(x), on ∂Ω, (3)

where u is the unknown solution, d denotes the dimension, ∂Ω is the boundary of the domain
Ω, L is the differential operator on the interior, and B is the operator that specifies the
boundary conditions of the Dirichlet, Neumann or mixed type. Both, f and g, are given
functions with sufficient smoothness mapping Rd �→ R. Using the Kansa’s asymmetric
multiquadric collocation method, the unknown PDE solution u is approximated by RBFs in
the form:

u ≈ U(x) =
N

∑
j=1

αj ϕj(x) +
Q

∑
l=1

γlνl(x), (4)

where ϕ is any type of radial basis function, and νl , ..., νM ∈ ∏d
q , are polynomials of degree m

or less, Q :=
(

q− 1+ d
d

)
, see (Iske, 1994). Let (xj)

N
j=1 be the N collocation points in Ω

⋃
∂Ω.

We assume the collocation points are arranged in such a way that the first NI points are in
Ω, whereas the last NB points are on ∂Ω. To evaluate or approximate the N + Q unknown
coefficients, at least, N + Q linearly independent equations are needed. Ensuring that U(x)
satisfies equations (2) and (3) at the collocation points results in a good approximation of the
solution u. The first N equations are given by

N

∑
j=1

αjLϕj(xi) +
Q

∑
l=1

γlLνl(x) = f (xi), for i = 1, ..., NI , (5)

and the others are given as

N

∑
j=1

αjBϕj(xi) +
Q

∑
l=1

γlBνl(x) = g(xi), for i = NI + 1, ..., NI + NB. (6)
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The last Q equations could be obtained by imposing additional conditions on p(·):
N

∑
j=1

αjνk(xj) = 0, k = 1, ..., Q. (7)

The above procedure leads to the system of equations
⎡
⎣ WL pL

WB pB
pT 0

⎤
⎦ [

α
γ

]
=

⎡
⎣ f

g
0

⎤
⎦ , (8)

where

WL = Lϕj(xi), xi ∈ XI , (9)

pL = Lνl(xi), xi ∈ XI , (10)

WB = Bϕj(xi), xi ∈ XB, (11)

pB = Bνl(xi), xi ∈ XB, (12)

p = νk(xi), k = 1, ..., Q. (13)

The RBF method for solving PDEs is straightforward and easy to implement. Since the RBF is
differentiable, spatial derivatives are computed by simply differentiating the MQ-RBFs; time
derivatives are computed by differentiating the time dependent expansions coefficients. The
spatial and temporal partial derivatives result in either a linear or nonlinear set of ordinary
differential equations.

4. Modelling of the radionuclide migration

The central issue in modelling is on the one hand consistency between conceptual and
mathematical models and, on the other hand between conceptual models and scenarios.
A conceptual model is a qualitative description of the system functioning in a form which
corresponds to mathematical representation. Each scenario is a set of features, processes and
events which has to be considered together to assess the impact of the disposal in the future.
Groundwater models are presented by motion and continuity equations. The majority of the
codes currently used or under development are based on the advective-dispersive equation
(Bear, 1972) with various physical phenomena added. According to this equation, mass
transport is controlled by two mechanisms: advection and dispersion. Advection governs
the movement of the solute, linked to the fluid, with the water velocity. Water velocity can
be assessed through Darcy’s law. Dispersion represents mixing of diffusion and random
variations from the mean stream.
The simulation area will be 2D rectangular with the Neumann and Dirichlet boundary
conditions. The Neumann boundary conditions represent flow while Dirichlet boundary
conditions represent constant pressure and concentration.

4.1 Eulerian form of the advection-dispersion equation
The first step of radionuclide transport modelling is to obtain the Darcy velocity, here denoted
by V. The continuity equation (e.g. for fluid phase) can be written
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∂(ε	 f )

∂t
+∇ · (	 f V) = 0, (14)

where 	 f is the density of fluid. If the porosity ε is constant, equation (14) is simplified to

ε
∂(	 f )

∂t
+∇ · (	 f V) = 0. (15)

With assumed constant density, Equation (15) simplifies to

∇ ·V = 0. (16)

In saturated porous media the fluid flow is described by the Darcy equation

∇p = − μ

K
V = 0, (17)

where ∇p is the pressure gradient, K is hydraulic conductivity tensor, and μ is the dynamic
viscosity. If we assume that the hydraulic conductivity is constant in each point of the
considered area, then the combination of equations (16) and (17) gives a type of Laplace
equation. In cases of homogeneous or heterogeneous and anisotropic porous media and
incompressible fluid, the calculation of the velocities in principal directions which were
determined from the pressure of the fluid obtained from the Laplace differential equation
is presented in (Vrankar et al., 2004a), (Vrankar et al., 2005). The Lagrangian form of the
advection-dispersion equation is presented in (Vrankar et al., 2004b)
The velocities obtained from Laplace equation are used in the advection-dispersion equation.
The advection-dispersion equation for transport through the saturated porous media zone
with retardation and decay is:

R
∂u
∂t

=

(
Dx

ω

∂2u
∂x2

+
Dy

ω

∂2u
∂y2

)
− vx

∂u
∂x
− Rλu, (x, y) ∈ Ω , 0 ≤ t,

u|(x,y)∈∂Ω = g(x, y, t), 0 ≤ t

u|t=0 = h(x, y), (x, y) ∈ Ω,

(18)

where x is the groundwater flow axis, y is the transverse axis, u is the concentration of
contaminant in the groundwater [Bqm−3], Dx and Dy are the components of dispersion tensor
(two processes are incorporated: molecular diffusion and dispersion. Molecular diffusion is a
thermo-chemical process, where mass is transported due to thermal or solutes gradients. On
the other hand, dispersion is mechanical process, where spreading of the substance is caused
due to the motion of the fluid. Details you can found in (Bear, 1972)) [m2y−1] in the saturated
zone, ω is porosity of the saturated zone[−], vx is Darcy velocity [my−1] at interior points, R is
the retardation factor in the saturated zone [−] and λ is the radioactive decay constant [y−1].
In these cases [y] means years.
For the parabolic problem, we consider the implicit scheme:

R
un+1 − un

δt
=

(
Dx

ω

∂2un+1

∂x2
+

Dy

ω

∂2un+1

∂y2

)
− vx

∂un+1

∂x
− Rλun+1, (19)
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where δt is the time step and un and un+1 are the contaminant concentrations at the time tn
and tn+1.

The approximate solution is expressed as :

u(x, y, tn+1) =
N

∑
j=1

αn+1
j ϕj(x, y), (20)

where αn+1
j , j = 1, ..., N are the unknown coefficients to be determined. ϕj(x, y) is Hardy’s

multiquadrics function Hardy (1971):

ϕj(x, y) =
√
(x− xj)2 + (y− yj)2 + c2, (21)

where c is shape parameter.

By substituting (20) into (18), we have:

N

∑
j=1

(
R

ϕj

δt
− Dx

ω

∂2ϕj

∂x2
− Dy

ω

∂2ϕj

∂y2
+ vx

∂ϕj

∂x
+ Rλϕj

) ∣∣∣
xi ,yi

αn+1
j = R

un(xi, yi)

δt
, (22)

i = 1, 2, ...., NI .

N

∑
j=1

ϕj(xi, yi)α
n+1
j = g(xi, yi, tn+1), i = NI + 1, N, (23)

from which we can solve the N × N linear system of (22)–(23) for the unknown coefficients
αn+1

j , j = 1, ..., N. Let N = NI + NB be the number of collocation points, NI is the number of
interior points and NB is the number of boundary points. Then (20) gives the approximate
solution at any point in the domain Ω.
The traditional finite difference method (FDM) was also used for solving the Laplace and
advection-dispersion equation. For the approximation of the first derivative second-order
central difference or one-sided difference were used. But for the approximation of the second
derivatives we used the second-order central difference.

4.2 Numerical examples

2D Solution

The simulation was performed on a rectangular area of 450 by 300 m. The source (initial
condition) was Thorium (Th − 230) with activity 1 · 106Bq and half life of 77000 years. The
distribution of hydraulic conductivity (values between 66.00 and 83.41 [m

y ]) for one specific
simulation is shown in Fig. 2.
The groundwater flow field is presented for steady-state conditions. Except for the inflow (left
side) and outflow (right side), all boundaries have a no-flow condition. The flow velocity was
1 m/y. At the outflow side, time-constant pressures at the boundaries were set. Longitudinal
dispersivity Dx is 200 [m2

y ] and transversal dispersivity Dy is 2 [m2

y ]. For the porosity ε we
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used values between 0.25 and 0.26. The retardation constant R is 800. The distribution of the
velocities calculated with FDM and MQ methods are presented in Fig. 3. The distribution of
the average value of contaminant concentration after 100, 000 years is also given in Fig. 3.

Fig. 2. Distribution of hydraulic conductivity

(a) Velocity (FDM) (b) Velocity (MQ)

(c) Concentration (FDM) (d) Concentration (MQ)

Fig. 3. Distribution of the velocities and avarage concentrations (symbol • shows the location
of Thorium source)
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5. Moving-boundary problems and Level Set Method(LSM)

The location of the solid-liquid interface for many phase change problems is not known
a priori and must be determined during the course of the analysis. Mathematically, the
motion of the interface is expressed implicitly in an equation for the conservation of thermal
energy at the interface, the so-called Stefan conditions. These conditions causes the system
to become non-linear, and therefore each problem is somewhat unique. Moving boundaries
are also associated with time-dependent problems and the position of the boundary has to be
determined as a function of time and space.
A level set method has become an efficient tool for tracking, modelling and simulating
the motion of free boundaries in fluid mechanics, combustion, computer animation and
image processing (Osher & Fedkiw, 2003), (Sethian, 1999). The objective of this part of the
chapter is to present the combination of RBF approach and the level set method for solving
two-dimensional moving-boundary problems.
The LSM is a numerical technique for tracking shapes and interfaces. The advantage of the
LSM is that one can perform numerical computations involving curves and surfaces on fixed
Cartesian grid. The LSMmakes it very easy to follow shapes that change topology (e.g., when
a shape splits in two or develops holes).

5.1 Level set function and equation
In two dimensions, the LSM represents a closed curve Γ ∈ R2 in the plane as the zero level
set of a two-dimensional auxiliary function Φ(x, t) : R2 ×R → R, where x is a position of the
interface, t is a moment in time. Therefore, the closed curve is presented as:

Γ = {(x, t)| Φ(x, t) = 0}. (24)

The function Φ is also called a level set function and is assumed to take positive values inside
the region delimited by the curve Γ and negative values elsewhere (Osher & Fedkiw, 2003),
(Sethian, 1999). The level set function can be defined as a signed distance function to the
interface. The moving interface is then captured at all time by locating the set of Γ(t) for
which Φ vanishes. The movement of the level set function can be described as the following
Cauchy problem (Tsai & Osher, 2003):

∂Φ
∂t

+ vT�Φ = 0, Φ(x, 0) = Φ0(x), (25)

where Φ0(x)means the initial position of the interface and vT = [ν1, ν2] is the continuous field,
which is a function of position x. The above partial differential equation is often solved by
using the finite difference method (FDM) on Cartesian grids (Osher & Fedkiw, 2003), (Sethian,
1999).

5.2 Level set equation construction with RBFs
The level set equation can be constructed in many ways. In our case, the Crank-Nicolson
implicit scheme will be presented. The classical time stepping schemes are stabilized with the
adaptive greedy algorithm, see (Vrankar et al., 2010).
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We consider the Crank-Nicolson implicit scheme of (25):

Φn+1 −Φn

�t
+

1
2

(
ν1

∂Φn+1

∂x
+ ν2

∂Φn+1

∂y
+ ν1

∂Φn

∂x
+ ν2

∂Φn

∂y

)
= 0, (26)

where tn+1 = tn +�t, Φn+1 and Φn are the level set variable at time tn+1 and tn.
The approximate solution is expressed as:

Φ(x, tn+1) =
N

∑
j=1

αn+1
j ϕj(x), (27)

where αn+1
j , j = 1, ..., N, are the unknown coefficients to be determined.

By substituting equation (27) into (26), we obtain:

N

∑
j=1

(
ϕj(xi)

�t
+

1
2

(
ν1

∂ϕj(xi)

∂x
+ ν2

∂ϕj(xi)

∂y

))
αn+1

j =
Φn(xj)

�t

−1
2

(
ν1

∂Φn(xj)

∂x
+ ν2

∂Φn(xj)

∂y

)
i = 1, ..., N. (28)

5.3 Numerical examples

Oriented flow

The first example is translation of circular interface/bubble (the term bubble is connected
to the study of multiphase flows (ETH, 2003). In the multi-fluid model, the motion of the
specific dispersed phase elements (bubbles, drops) is not followed; rather, the dispersed
phase elements which interact with the continuous phase flow field are observed. Therefore,
computational modelling is assuming a greater role in the study of multiphase flows.) in
oriented flow in Fig. 4. The circular interface of radius r = 0.15, initially centered at (0.2, 0.7)
and moved by the oriented flow in a cavity of size 1× 1 with the velocity field (u, v) defined
as follows:

u = −0.2(x + 0.5) (29)

v = 0.2(y + 0.5). (30)

For capturing the moving circular interface in Fig. 3, LMS and RBFs are used. The calculation
is performed up to t = 2, in computational grid 20× 20 (upper part of the Fig. 4) and 30× 30
(lower part of the Fig. 4) . The function Φ is evaluated on a 38× 38 grid in order to find zero
contours. We choose the following shape parameters c = 0.033, c = 0.5, and c = 2 to ensure
smoothness of the circular interfaces over time and the initial time step is 0.01.

Shear flow

We next consider a circular interface (Fig. 5) of radius r = 0.15, initially centered at (0.5, 0.7)
and moved by a shear flow in a cavity of size 1× 1 with the velocity field (u, v) defined as
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(a) c = 0.5 (MQ)
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(b) c = 0.5 (MQ+Greedy)
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(c) c = 0.033 (MQ)
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(d) c = 2 (MQ+Greedy)

Fig. 4. Oriented flow distribution
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follows:

u = sin(πx) cos(πy), (31)

v = − cos(πx) sin(πy). (32)

In such a velocity field, the circular interface is passively transported in the form of circulation
and stretching. The LMS and RBFs are used to capture the moving interface with time, up to
t = 4 with a time step�t = 0.01, in computational grids 20× 20 and 30× 30. The function Φ
is then evaluated on a 38× 38 grid in order to find zero contours. We again choose the large
shape parameter c = 2 to demonstrate stability over ill-conditioned linear systems.
In Fig. 5 , we can see that with or without the adaptive algorithm, the circular interfaces are
more or less at the same location. However, the circular interface obtained with the adaptive
algorithm is more skewed; without adaptive algorithm, a more circular bubble is obtained.
We can see that some artifacts appear in the corner of the computational domain.

6. Wood charring problems

The model which explains a very complex phenomena of wood charring consists of the
differential equation for heat transfer with corresponding boundary conditions, which
prescribe the heat flow on the exposed boundaries of the cross-section. In our case, different
types of boundary conditions were used, e.g. Dirichlet, Neumann, radiation term, etc. The
char formation in the timber beam as a function of its temperature is taken into account by the
model.
Since the analytical solution is seldom obtainable, the problem is solved numerically by the
RBF methods (e. g. non-symmetric RBF collocation). Picard’s or Newton’s methods are used
for the solution of the second order non-linear partial differential equations.

6.1 Governing equations
The heat and mass transfer is governed by the two second order non-linear partial differential
equations (Luikov, 1966). Only one equation which describes heat conduction governed
predominantly by temperature gradients was considered:

	cp
∂T
∂t

= kx
∂2T
∂x2

+ ky
∂2T
∂y2

, (33)

where kx and ky represent thermal conductivity (W/mK) in directions x and y of the
cross-section of the beam, 	 is density (kg/m3), cp specific heat (J/kgK) and T temperature
(K). The second equation describes moisture diffusion governed by moisture potential and is
not considered here.
The problem is complete when initial and boundary conditions are specified. The initial
condition prescribes the temperature in the cross-section of the beam at the initial time t = 0

T(x, y, 0) = T0(x, y). (34)

The boundary conditions prescribe the heat flow on the exposed boundaries of a cross-section.
Thus, the Neumann boundary conditions at the exposed surface are given by balancing heat

149
Radial Basis Functions Methods 
for Solving Radionuclide Migration, Phase Change and Wood Charring Problems



14 Will-be-set-by-IN-TECH

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(a) Mesh: 20× 20 (MQ)
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(b) Mesh: 20× 20 (MQ+Greedy)
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(c) Mesh: 30× 30 (MQ)
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(d) Mesh: 30× 30 (MQ+Greedy)

Fig. 5. Shear flow: Shapes of the circular interface at time 0, 0.5, 1, . . . , 4
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conduction at the surface with the radiative and convective heat flux:

− kx
∂T
∂x

enx − ky
∂T
∂y

eny = hc(T − TA) + εRσ(T4 − T4
R), (35)

where enx and eny are components of the normal to the boundary surface and hc is convective
heat transfer coefficient (W/m2K). TA is the ambient temperature. TR is the temperature
of the radiating surface, εR is the effective surface emissivity and σ is the Stefan-Boltzmann
constant σ = 5.671.10−8 W/m2K4.

6.2 Implicit discrete scheme
For the solution of eqn. (33) with the corresponding initial and boundary conditions, the RBF
method is used. We consider the implicit time scheme of eqns. (33) and (35) :

	cp
Tn+1 − Tn

�t
+ kx

∂2Tn+1

∂x2
+ ky

∂2Tn+1

∂y2
= 0, (36)

− kx
∂Tn+1

∂x
enx − ky

∂Tn+1

∂y
eny − hc(Tn+1)

−εRσ((Tn+1)4 − T4
R) = −hc(TA), (37)

where tn+1 = tn +�t, Tn+1 and Tn are the temperature at time tn+1 and tn.
The approximate solution is expressed as:

T(x, tn+1) =
N

∑
j=1

αn+1
j ϕj(x), (38)

where αn+1
j , j = 1, ..., N, are the unknown coefficients to be determined and ϕj(x) =√

(x− xj)2 + (y− yj)2 + c2 are Hardy’s multiquadrics functions (Hardy, 1971).
By substituting eqn. (38) into eqns. (36) and (37) and using factorization for the radiation term
(T4 − T4

R), we obtain:

N

∑
j=1

(
	cp

ϕj(xi)

�t
+ kx

∂2ϕj(xi)

∂x2
+ ky

∂2ϕj(xi)

∂y2

)
αn+1

j

= 	cp
Tn(xi)

�t
, i = 1, ..., N − NB , (39)

N

∑
j=1

(
−kx

∂ϕj(xi)

∂x
enx − ky

∂ϕj(xi)

∂y
eny − hc ϕj(xi)

−εRσ
(

ϕj(xi)− TR

) (
ϕj(xi) + TR

) (
ϕj

2(xi) + T2
R

))
αn+1

j

= −hc(TA), i = N − NB + 1, ..., N, (40)

where NB and N present the number at boundary and all discretized points.
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The system of nonlinear equations which result from the space discretization of a nonlinear
PDEs were solved by Picard’s methods.

6.3 Numerical examples
The results are tested on the one-dimensional case in the standard fire conditions, for which
comparison is made with the results of one-dimensional charring rate models for wood
presented in the literature (White & Nordheim, 1992). The same model is used to analyse
a two-dimensional behaviour of timber beam exposed to fire from three sides.

One-dimensional charring

The charring rate of wood usually refers to the dimensional rate, e.g. millimetres per
minute, at which wood transforms to char. Many factors are involved in wood charring. No
completely satisfactorily charring model has yet been developed.
Since the material properties at elevated temperatures are difficult to obtain, constant material
properties of the wood and char are used. The following data have been used:

T0 = 20◦C, 	 = 370 kg/m3, kwood = 0.12 kchar = 0.15 W/mK, d = 0.3 m

hc = 22.5 W/m2, εR = 0.9, cp,wood = 1530 J/kgK, cp,char = 1050 J/kgK.

Most known models suggest constant charring rates. In our case, we used a (White &
Nordheim, 1992) non-linear empirical model for charring rate of eight different wood species.
The comparison to the present model in the case of spruce is shown in Fig. 6.
In all empirical models it is assumed that the charring of woods starts instantaneously after
exposure to fire. In reality, the charring is not immediate. In our model, the charring starts
when the temperature of wood reaches the temperature of pyrolysis, which is around 300 ◦C.
This temperature is reached nearly 3 minutes after the fire starts.
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Fig. 6. Comparison of White and Norheim charring model to the present.

A two-dimensional charring

In the two-dimensional case, the formation of char in a timber beam exposed to the standard
fire conditions (ISO 834, 1999) on three sides is considered. The upper surface is thermally
isolated. The original beam cross-section is rectangular with dimensions 10× 15 cm. The beam
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cross-section is discretized by the mesh of 10× 10 points. Material properties are assumed to
be the same as the one-dimensional case. The results of the simulation at 10 and 30 minutes
after the exposure to fire are given in Fig. 7.
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Fig. 7. Temperature distribution in the cross-section of spruce beam and the transformation
of wood into char at 10 and 30 minutes calculated with the Kansa approach, relaxation
parameter: 0.14.

7. Conclusions

Modelling of radionuclide migration, moving-boundary and wood charring were presented.
The first example presents modelling of radionuclide migration through the geosphere using
a combination of radial basis function methods in Eulerian coordinates with geostatistics.
In the case of radionuclide migration two steps of evaluations were performed. In the first
step the velocities were determined from the pressure of the fluid p by solving the Laplace
differential equation. In the second step the advection-dispersion equation was solved to find
the concentration of the contaminant.
Comparison of the results between the average of contaminant concentrations show that the
results are also very similar to the results obtained by finite difference methods (Fig. 3).
In the case of calculating the advection-dispersion equation we can conclude that the Kansa
method could be an appropriate alternative to the FDM due to its simpler implementation.
The second example outlines our work done on an alternative approach to the conventional
level set methods for solving two-dimensional moving-boundary problems. This approach
is set up from MQ RBFs and the adaptive greedy algorithm. The examples suggest that the
solution is more stable by employing the adaptive algorithm. Two examples are presented:
oriented flow and shear flow (bubble starts circular but because of the velocity fields the
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bubble stretches). The results of the last example do not depend significantly on the usage
of the adaptive greedy algorithm.
In the conventional level set methods, the level set equation is solved to evolve the interface
using a capturing Eulerian approach. The solving procedure requires appropriate choice
of the upwind schemes, reinitialization algorithms and extension velocity methods, which
may require excessive amount of computational efforts. In this case we do not choose the
reinitialization, because we try to control the smoothness of the moving boundary with
appropriate choice of the type of MQ RBFs, shape parameters, time stepping schemes and
greedy algorithm. The proposed alternative approach offers to use smaller computational
grids, with no reinitialization in order to beat the upwind scheme. In the case of radionuclide
migration modelling, the FDM FORTRAN program and the MQ FORTRAN program use
comparable CPU times. Usually, fine discretization is applied, but this approch increases
CPU time and can cause ill-conditioning. Even when solving two- or three-dimensional
problems one tries to obtain the best accuracy with the least amount of CPU time. There
are several methods used with RBF methods and other approaches that should be examined
before attempting to solve two- or three-dimensional problems with many points, see (Scott
& Kansa, 2009).
The last example shows the alternative approach for solving wood charring problems with
the RBFs methods. Fig. 6 shows that presented approach and the model proposed by (White
& Nordheim, 1992) produce comparable results. The same model was used to analyse a
two-dimensional behaviour of timber beam exposed to fire from three sides. It shows that
the results are comparable to the results obtained in literature (Schnabl & Turk, 2006).
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1. Introduction  
One of the most important environmental and/or engineering issues at present is the 
reducing aerodynamic noise that is produced from, for example, the body surfaces of cars; 
parts of cars, such as sideview mirrors, windshield wipers, and roof racks; pantographs of 
bullet trains; narrow spaces between cars of bullet trains; and fans in air-conditioners. 
In order to analyze aerodynamic sound for practical engineering use, the decoupled solution 
method—which treats the flow field and acoustic field separately—has been employed. In this 
method, the flow field involves an inviscid incompressible fluid that yields a sound source, 
and the acoustic field is analyzed by combining this source with wave equations, such as the 
Lighthill equation. Powell (1964) and Howe (2003) showed that this sound source is 
represented by a vorticity vector. Therefore, aerodynamic sound is considered to originate 
from the unsteady motion of vorticity; that is, generation and deformation of vorticity, 
accelerated motion of vorticity, interaction of vorticity, and interference of obstacles. This 
chapter mainly focuses on the simulation of vortex sounds created by obstacle interference in 
multi-dimensional flows through the simple but powerful vortex method. 
Using the compact Green’s function, which is based on the compact assumption that the 
wavelength of sound is large compared to the dimensions of the solid body, Howe (2003) 
studied the vortex sound for one of the most fundamental cases of interference: namely, 
where one vortex line passes near an obstacle. In this study, the vortex movement was 
calculated based on the potential flow of the inviscid and incompressible fluid so that the 
computational load and time would be very small. The fundamental aspects of the sound 
produced by an interaction between vorticity and obstacle are well understood. However, 
the obstacles are limited to two-dimensional simple shapes because the conformal mappings 
to create the obstacles have to be known. 
Therefore, this chapter presents a generalization of Howe’s method to treat two-dimensional 
shapes with unknown conformal mappings and three-dimensional obstacles in as simple 
manner as possible. This generalization will help in analyzing the sound produced by 
vorticity and an arbitrarily shaped body with less computational effort for studying the 
effect of the body shape on the aerodynamic sound, controlling the aerodynamic sound, etc. 
To calculate the flow fields in two and three dimensions, we employ the vortex method 
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(panel method), which can directly and easily deal with an arbitrarily shaped body with 
vortices in non-linear motion. 
The vortex method has been used to analyze aerodynamic sounds through the various 
equations or methods listed below: 
1. Sharland’s equation that relates the lift coefficient to sound power (Sharland, 1964).  
2. Curl’s equation that calculates the aerodynamic sound from the pressure fluctuations 

on the surface of a body (Curle, 1955). 
3. The Ffowcs Williams–Hawkings equation that treats the aerodynamic sound of rotating 

wings (Ffowcs Williams & Hawkings, 1969, Huberson et al., 2008). 
4. The asymptotic matching method and panel method (Kao, 2002). 
5. Howe’s method with the compact Green’s function (Howe, 2003). 
Of these methods, Howe’s method provides a simple and direct relation between the vortex 
sound and vortex. Ogami and Akishita (2010) applied Howe’s method to the aerodynamic 
sound produced by the interaction of a flat plate and vortices in non-linear motion. The 
relation between the acoustic pressure and vortices is directly expressed in a simple manner 
so that the effects of the vortices in non-linear motion on the acoustic sound can be studied 
easily with less computational effort than the other methods. As stated before, one of the 
purposes of this chapter is to generalize Howe’s method to treat two-dimensional shapes 
with unknown conformal mappings and three-dimensional obstacles; the details are 
explained in Section 2. The idea for calculating the acoustic pressure of arbitrarily shaped 
obstacles without conformal mappings is to use three sets of bound vortices that represent 
the obstacles in uniform flows of speed 1 in the x and y directions in two dimensions as well 
as in the z-direction in three dimensions. These bound vortices are obtained by the panel 
method in advance. 
To examine the validity and accuracy of our method, we compared our solutions with those 
of Howe for the acoustic pressure produced by the interaction of an incident vortex and 
circular cylinder, and we present our findings in Section 3.  
Howe (1976) showed that the imposition of a Kutta condition at the trailing edge leads to a 
complete cancellation of the sound generated when frozen turbulence (the turbulence is modeled by a 
line vortex convected in a mean flow) convects past a semi-finite plate and to the cancellation of the 
diffraction field produced by the trailing edge in the case of an airfoil of compact chord. However, his 
results were based on the linear assumption that the strength of the incident vortex is small 
enough so that its path is almost linear and that the wake vortices are also swept 
downstream at the mean stream velocity. Since our method is applicable to non-linear 
simulations where the wake vortices are swept at velocities induced by other vortices, both 
an airfoil (Section 3) and semi-finite plate (Section 4) were considered with fully non-linear 
calculations. The shedding of wake vortices was found to not cancel the sound but has the 
extra effect of producing sound due to the accelerated movements of the wake vortices.  
Our findings were also compared with Kao’s solutions by the asymptotic matching method, 
as presented in Section 4. Our solutions are considerably simpler and easier to code than 
those of Kao’s analysis. 
Section 5 discusses the sound produced by the vortex motion near a half-plane to study 
the effect of shedding vortices from the edge on the sound. Section 6 presents the study of 
a three-dimensional rectangular solid for examining the effect of three-dimensionality  
for an incident vortex on the vortex sound. The shedding of wake vortices was not 
considered.  
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In this study, two types of vortices were used: the free vortex and the bound vortex. The 
movements of the free vortices, which were the sources of the sound, were calculated on the 
basis of the potential flow of the inviscid and the incompressible fluid as stated before. The 
bound vortices were used for representing an arbitrarily shaped body. This body can be 
created in the potential flow by adjusting the strengths of the bound vortices, which were 
arranged on the virtual panels placed along the body, under the non-permeable condition 
that the stream line does not penetrate this body.  

2. Acoustic pressure for arbitrarily shaped bodies with free vortices in non-
linear motion 
As stated in the Introduction, Howe’s solutions (2003) are limited to body shapes whose 
conformal mappings are known. In this section, we derive the relations between the acoustic 
pressures in the two-, quasi three-, and three-dimensions and the vortices for interactions 
with arbitrarily shaped obstacles. 

2.1 Two dimensions 
Consider the following wave equation: 
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x vω                            (1) 

where c  is the sound velocity in the fluid, ( , )p tx  is the acoustic pressure at the observation 
location x and time t, ρ  is the fluid density, and ω  is the vortex vector swept at velocity 
vector v . Using this equation, Howe derived the acoustic pressure ( , )p tx  produced by a 
vortex of strength Γ  located at 01 02( , )x x  in a two-dimensional flow as follows: 
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where Yj  is the component of the Kirchhoff vector Y , which depends on the shape of the 
body and is considered to be a velocity potential with unit speed in the j direction. Note that 
the coordinates x  and x j  denote the position of the observer, whereas 01 02( , )x x  indicate 
the position of the incident vortex. 
For the vortex method (panel method), Eq. (2) can be rewritten as explained below.  
In a two-dimensional potential flow with unit speed in the x direction and an arbitrarily 
shaped body represented by bound vortices of strength X

BiΓ (the subscript X denotes the the 
x direction, and Bi indicates the i-th bound vortex), the complex potential, F, and velocity 
potential, φ , are given by 
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Similarly, for a potential flow with unit speed in the y direction and bound vortices of 
strength Y

BiΓ , the equations are 

 
2

1

log( )
2

π

π
−

=

Γ= + −
YNi Bi

i
i

iF Uze z z
 

                            (5) 

 
2

1 2

YN
Bi

i
i

Y Uyφ θ
π=

Γ= = −
 

                               (6) 

By using Eqs. (2), (4) and (6), we get the equation below, which directly relates the acoustic 
pressure to the vortices. 
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            (7) 

where FjΓ and ( , )Fj Fju v  represent the j-th free vortex and its velocity components. The 
bound vortices X

BiΓ  and Y
BiΓ  are obtained in advance by the panel method. The first term of 

the right-hand side of Eq. (7) is called the acoustic pressure of the drag dipole (suction dipole), 
and the second term is that of the lift dipole. Note that an integral from −∞  to 0| |/t c− x  and 
a time-derivative remain in the solution (7). These operations are numerically calculated in 
this chapter. 

2.2 Quasi three dimensions 
Howe derived the acoustic pressure ( , )p tx produced by vortex vector ω  located at y in a 
three-dimensional flow as follows. 
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Following Howe’s analysis, we assume that a line vortex that interacts with a body remains 
rectilinear as when it is introduced in the flow. This enables us to use the two-dimensional 
velocity potential for this analysis, even though the body and the flow are three-
dimensional. Therefore, the solutions for this section are considered to be quasi three-
dimensional. Fully three-dimensional analysis, where the vortex changes its shape, is 
introduced in the next section. 
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When the span of the body in the z direction is L (Fig. 1), the components of the Kirchhoff 
vector are 
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Using the Dirac delta function d , the vortex vector is expressed as 

 1 2(0,0, ( ) ( ))δ δ= Γ − − Fj y udt y vdtω                          (10) 
where FjΓ is the strength of the j-th line vortex. 
 

 
Fig. 1. Coordinate system. 

Eqs. (9) and (10) are substituted into Eq. (8) to obtain 
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where the first term of the right-hand side of Eq.(11) is called the acoustic pressure of drag 
dipole (suction dipole) and the second term that of lift dipole. As in the two-dimensional 
analysis, the acoustic pressure is expressed with the free vortices, and with the bound 
vortices X

BiΓ  and Y
BiΓ  that are to be obtained in advance by the panel method. Note that the 

integral that appeard in Eq. (7) does not appear in Eq.(11) but the time-derivative remains. 

2.3 Three dimensions 
In three dimensions, the acoustic pressure can be calculated directly if the bound vortices j

BiΓ , 
representing the body within the unit flow in the j-direction (j = x, y, and z), are obtained in 
advance. In terms of the velocity vector ( , , )Bj Bj Bju v w  produced by the bound vortices j

BiΓ  and 
unit flow in the j-direction, the components of the Kirchhoff vector are written as  

 
( ( , , ))∇ =j Bj Bj BjY u v wy

                                (12) 
Therefore, the following term in Eq. (8) can be expressed as 
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Using the free vortices (incident vortex and wake vortices) numbered with i, Eq. (8) is 
expressed as 
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where Γ i  is the strength vector of the vorticity vector iω in volume 3d y . 

3. Panel method and circular cylinder 
3.1 Panel method for acoustic pressure 
As shown in Fig. 2, the obstacle in the two-dimensional flow is represented by the discrete 
bound vortices of strength BiΓ  (dots), and the strength is determined by the non-permeable 
condition that the components of the fluid velocities normal to the body surface (to the points 
between the bound vortices (stars) in this study) are zero. The total strength of the bound 
vortices is assumed to be zero. When there is more than one free vortex in the flow, the 
strength of the bound vortices varies with the influence of the moving free vortices, so the 
strength of the bound vortices must be calculated for every time step. On the other hand, the 
strengths of the bound vortices X

BiΓ  and Y
BiΓ  in Eqs. (7) and (11) are only obtained once 

because there is no need to consider the influence of the free vortices for these bound vortices. 

3.2 Comparison with Howe’s solutions 
The acoustic pressure produced by the interaction of a free vortex (incident vortex) and 
circular cylinder with radius 1 in a uniform flow of velocity 1 was considered. The cylinder 
was represented by 80 bound vortices. An incident vortex of strength 4π− was placed at 
time 0 at the position x = -10, y = -0.7. The Adams-Bashforth method of second order 
accuracy was used to update the position of the incident vortex at time steps of 0.01. The 
acoustic pressure was calculated by using Eq. (7) for the two-dimensional analysis. The 
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integral from −∞  to 0| |/t c− x  in Eq. (7) was evaluated numerically from a negative value of 
sufficiently large absolute value to the present time.  
 

 
Fig. 2. Positions of bound vortices (dots) and for non-permeable condition (stars). 

Figure 3 compares the paths of the incident vortex according to Howe’s solution (p. 196, 
Howe, 2003) and the present method. The incident vortex first placed in the third quadrant 
at x = -10, y = -0.7 exited this quadrant and entered the second quadrant as it approached the 
cylinder, flowed along the cylinder surface, and was swept downstream. Although this 
movement was caused by the effect of the mirror image vortex, the bound vortices placed 
along the cylinder surface had this effect without the placement of an image vortex inside 
the cylinder. The paths of both solutions shown in Fig. 3 agreed well, with an average 
relative error of 0.05%. 
 

 
Fig. 3. Path of incident vortex. 

The average relative error is defined by Eq.(15), 

 1

1 100%
=

−= ×Error
i in
Howe P

i MAX

S S
n S                           

 (15)
 

where i
HoweS  and i

PS  are Howe’s solution and that of the present method, respectively, at 
the i-th time step, MAXS  is the maximum absolute value during the period of calculation, 
and n  is the number of solutions obtained during this period. 
Figure 4 compares the acoustic pressures of the drag dipole and lift dipole, as calculated by 
Howe’s method (solid and broken lines) and the present method (dots). The average relative 
error was 0.3%. According to Howe (2003), the time was set to zero when the incident vortex 
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passed the position x = 0. The parameters in Fig. 4 are /(2 )V aπ= Γ  and 1.a =  The acoustic 
pressures of the drag and lift dipoles are non-dimensionalized by sink Θ  and cosk Θ , 
respectively, where 2

0 /k V M aρ= x , 0/M V c= , and 1
1 2tan ( / )−Θ = x x . 

  

 
Fig. 4. Drag dipole and lift dipole for the circular cylinder. 

Next, to determine the convergence and accuracy of the present method, the acoustic 
pressure by the drag dipole was calculated while changing the bound vortex number N and 
time step tΔ . Figure 5 shows that for 40N > , the average relative error decreased with 
decreasing time step, and the difference between 80N = and 120 was not noticeable; thus 
the solutions were considered to converge at 80N ≥ . The error of the lift dipole had a 
similar tendency, so that figure is omitted. 
 

 
Fig. 5. Averaged relative error for drag dipole. 

Figure 6 shows the average relative error for the paths of the incident vortices. The solutions 
converged with a smaller numbers of bound vortices ( 40≥N ) than the acoustic pressure in 
Fig. 5 ( 80≥N ). 
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Fig. 6. Averaged relative error for path of the incident vortex. 

For the simulations of engineering applications, multiple vortices passing the body and 
produced on the body surface have to be considered. The acoustic pressure is easily 
obtained from Eqs. (7) and (11) by summing the acoustic pressures produced by each vortex 
passing the body. Therefore, although the solutions shown in Fig. 4 are very elemental, they 
are important for studying the fundamental characteristics of vortex sound.  

4. NACA0012 airfoil 
4.1 Without wake vortices 
As stated before, Howe reported that the wake vortex shed from the trailing edge of an 
airfoil cancels the acoustic pressure when the Kutta condition is employed. To verify this 
cancellation, we studied the effect of the wake vortices shed from the NACA0012 airfoil on 
the acoustic pressure. The airfoil was placed in a uniform flow of velocity 1 and was 
represented by 160 bound vortices; its leading edge lay at x = 0, and the trailing edge was at 
x = 1. The angle of attack was set to zero. The incident vortex of strength 0.4πΓ = −  started 
at the position x = -10, y = 0. The time step was set to 0.01. 
With the Kutta condition that the flow separates from the trailing edge, wake vortices were 
produced by the influence of the incident vortex even when the angle of attack was zero. We 
neglect the production of the wake vortices in this section and consider it in the next section. 
In addition to the Kutta condition, the total strength of the bound vortices was set to zero for 
the former case, and the total strength of the bound and wake vortices was set to zero for the 
latter case. 
Figure 7, which is enlarged in the y direction, shows the path of the incident vortex when 
the production of the wake vortices was not considered. The incident vortex started at  
x = -10, y = 0, and as it approached the airfoil it was swept upward by the effect of the 
mirror image vortex. The path broke near the trailing edge, around positions D and E in Fig. 
7, because the velocity at the trailing edge was very large (without the Kutta condition, the 
velocity in the analytical solution becomes infinity). The letters A–E indicate the positions of 
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the incident vortex when its acceleration, shown in Fig. 9, reached the peak value, and the 
numbers in parentheses in Fig. 7 are the times of the peak.  
 

 
Fig. 7. Path of incident vortex around the NACA0012 airfoil. 

Figure 8 shows the acoustic pressure calculated (a) by Eq. (7) for two-dimensional 
analysis and (b) calculated by Eq. (11) for quasi three dimensions. The time was set to 
zero when the incident vortex passed the center of the airfoil (x = 0.5) and was non-
dimensionalized as Ut/a (U = 1 and a = 0.5). The acoustic pressures of the drag dipole 
and lift dipole for two dimensions were non-dimensionalized by sin /Θk M a x and 

cos / ,k M aΘ x  respectively, and those for quasi three dimensions were non-
dimensionalized by sin /ΘkM L x and cos / ,M LΘ x  respectively, where 0 / (4 )ρ π= Γk U a  
and 0/=M U c . 
As shown in Fig. 8(a), when Ut/a < -0.52, the acoustic pressure of the drag dipole (broken 
line) increased and that of the lift dipole decreased (solid line) as the incident vortex 
approached the leading edge of the airfoil. At around Ut/a = -0.52, when the incident vortex 
passed the leading edge (x = 0), the former pressure reached the local maximum value, and 
the latter reached the local minimum value. The lift dipole then continued to increase due to 
the increase in acceleration du/dt of the incident vortex (see Fig. 9 for du/dt and dv/dt). Near  
Ut/a=0.57, when the incident vortex passed the trailing edge, both pressures had local 
minima because the acceleration of the incident vortex also had a local minimum. These 
minima occurred because the path of the vortex broke near the trailing edge, as shown in 
Fig. 7.  
As shown in Figs. 8(a) and (b), the dipoles behaved similarly in quasi three dimensions 
and in two dimensions. The major difference was that when the incident vortex passed 
the trailing edge at around t = 0.5, the acoustic pressures for both dipoles reached local 
minima in quasi three dimensions and two dimensions, while afterwards they reached 
local maxima in quasi three dimensions only. A peak at the time corresponding to the 
local maximum was observed in the acceleration dv/dt of the incident vortex, as shown in 
Fig. 9. In general, the acoustic pressure resembled the acceleration more for the quasi 
three dimensions than the two dimensions. The stronger resemblance occurs because the 
solution was obtained by integration and derivation about the time for Eq. (7) in two 
dimensions while only derivation about time for Eq. (11) was used in quasi three 
dimensions. 
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(a) 
 
 

 
 

(b) 
 
 
(a) Two dimensions; (b) Quasi three dimensions 

Fig. 8. Drag and lift dipoles for NACA0012. 
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Fig. 9. Acceleration of incident vortex for two- and quasi three-dimensional analyses. 

4.2 With wake vortices in non-linear motion 
As stated before, Howe reported that the wake vortex shed from the trailing edge of an 
airfoil cancels the acoustic pressure when the Kutta condition is employed. However, his 
analysis was based on a linear assumption. To determine whether linearity is valid for more 
realistic flows with non-linear vortex movement, we conducted simulations considering the 
production of wake vortices that move with the velocities induced by each other. The wake 
vortices were produced one by one at every time step near the edge (i.e., 1= + Δx U t  and 

0y = ), and the strength is determined by the Kutta condition, which set the strength of the 
bound vortex at the trailing edge at zero. The acoustic pressure was calculated by using Eq. 
(11) for quasi three dimensions. 
Figure 10 compares the acoustic pressures with and without the wake vortices (solid and 
broken lines, respectively). Before the incident vortex reached the trailing edge (Ut/a < 0.63), 
the peak values for the acoustic pressures of the drag and lift dipoles were smaller when the 
wake vortices were considered than when they were not considered. The smaller size occurs 
because the wake vortices decrease the acceleration of the incident vortex (Fig. 11). 
After the incident vortex reached the trailing edge, the acoustic pressure without the wake 
vortices converged to zero, while that with the wake vortices did not, due to the continuing 
unsteady movements of the wake vortices.  
Figure 12(a) shows the wake vortices at time 7.5 when the incident vortex entraining the 
wake vortices passed the coordinates x = 4.4, y = -0.17. Figure 12(b) shows the path of the 
incident vortex. The movement looks like “hopping,” and this continued to produce the 
acoustic pressure. When the time is very large and the position of the incident vortex is far 
enough from the object, the term for the incident vortex in Eq. (11) becomes 

 

1 20 0
2 2

0 0

( , )
4 | | 4 | |
ρ ρ
π π

Γ Γ∂ ∂= −
∂ ∂

L x L xv up t
c t c t
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Because the accelerations /∂ ∂u t  and /∂ ∂v t  remain sound is produced even when the 
incident vortex flows far away from the airfoil in the potential theory with the compact 
assumption. However, in a physical flow, the vortex is diffused by the viscosity or 
dissipated by the turbulence, so the sound disappears.  
 

 
 

(a) 
 

 
 

(b) 
 
(a) Drag dipole; (b) Lift dipole 

Fig. 10. Drag and lift dipoles with and without wake vortices. 
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Fig. 11. Acceleration of the incident vortex with wake vortices. 

 

 
 

(a) 
 

 
 

(b) 
 
(a) Wake votices at t = 7.5; (b) Path of incident vortex 

Fig. 12. (a) Wake vortices and (b) path of incident vortex. 
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Figure 13 shows the strength of the wake vortex produced at each time step. Over most of 
the simulation, the strength was two orders of magnitude smaller than that of the incident 
vortex 0.4 1.26,πΓ = − ≈ −  and its maximum was 0.052, which is about 4% that of the incident 
vortex. 
Furthermore, to examine the production mechanism of the acoustic pressure, the 
simulations were conducted with the incident vortex strength reduced to one-tenth of its 
previous value: that is, 0.04 0.126.πΓ = − ≈ −  
 

 
Fig. 13. Strength of wake vortices shed from trailing edge. 

Figure 14 shows the acoustic pressures, with and without the wake vortices, for the drag 
and lift dipoles. Even though the strength of the incident vortex was decreased to one-
tenth, the pressure of the drag dipole did not greatly differ from that shown in Fig. 10, 
while the lift dipole took a large peak value of -56.5 at time 0.75. This peak was not 
observed in the acceleration of the incident vortex shown in Fig. 15, so this peak was not 
affected by the acceleration of the incident vortex. On the other hand, the time of this peak 
coincides with that of the strength of wake vortices shed from the edge shown in Fig. 16. 
The peak value was almost 0.02, which was 16% of the incident vortex and relatively 
larger than the 4% in the previous simulation. The incident vortex passed the trailing edge 
at around time = 0.77, and the largest wake vortex was produced. This shows that the 
production of the wake vortex strongly affected the acoustic pressure and the acceleration 
of the incident vortex. 
The results of our simulations show that the wake vortex shed from the trailing edge of an 
airfoil does not cancel the acoustic pressure. Before the incident vortex reaches the trailing 
edge, the pressure is decreased because of the effect of the wake vortices. However, 
afterwards, the movements of the wake vortices keep producing the large pressure, and the 
production of the wake vortices also increases the acoustic pressure.  
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(a) 
 

 
 

(b) 
 

(a) Drag dipole; (b) Lift dipole. 

Fig. 14. Drag and lift dipoles for 0.04πΓ = −  
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Fig. 15. Acceleration of incident vortex with the effect of wake vortices. 

 

 
Fig. 16. Strength of wake vortices. 

The reason for the disagreement may be because in Howe’s analysis (1976), the wake 
vortices were arranged on the x axis from the trailing edge to infinity, and their strength was 
given by a periodic function. On the other hand, in our simulations, the wake vortices were 
not on the x axis but moved freely with nonlinear interaction of the vortices, and their 
strength was not periodic. 

4.3 Comparison with asymptotic matching method 
Kao (2002) studied the acoustic pressure by using the asymptotic matching method, which 
treats the near field as an incompressible fluid and the far field as a compressible fluid 
governed by the classical acoustic equation. The solutions in the two regions are matched 
asymptotically. Compared to the workload of Kao’s analysis to obtain solutions, our 
solutions (7) and (11) are considerably simpler and easier to code. 
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Figure 17 compares the acoustic pressures produced by the interaction of an incident vortex, 
the wake vortices, and the NACA0012 airfoil as calculated by Kao (dots), the present 
method for quasi three dimensions (solid line), and that for two dimensions (broken line). 
The incident vortex of strength 0.1  was placed at x = -5.0, y = 0.1, and it passed above the 
NACA0012 airfoil located at x = 0–1. The production of the wake vortices was taken into 
account with the Kutta condition. Note that the strength of the incident vortex was so small 
that rolling up of the wave vortices was not observed, although the figure is not shown here. 
 

 
(a) 

 
(b) 

(a) 0.1G =- ; (b) 0.1G =  

Fig. 17. Comparison with the asymptotic matching method. 
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Although Kao’s analysis was two-dimensional and we used the compact assumption that 
the wavelength of sound is large compared to the dimension of the solid body, the solutions 
by Kao agreed very well with those for the present method in quasi three dimensions. In 
both Kao’s and our simulations, the peak was observed when the incident vortex passed the 
leading edge at around Ut/a = 5 and the trailing edge at around Ut/a =6.  

5. Sound produced by vortex motion near a half-plane 

Howe (2003) studied the sound produced by the vortex motion near a half-plane and 
concluded that sound produced by the shed vortex tends to cancel the edge-generated sound 
attributable to the incident vortex G  alone. However, his analysis was qualitative explanation 
because he did not calculate the sound considering the wake vortices with nonlinear 
interactive movements. Therefore, we conducted simulations considering these movements.  
First, we considered the flow in the ζ -plane given by the complex function for the incident 
vortex of strength Γ  located at 0ζ ζ= , its image vortex at *

0ζ ζ= , and the wake vortices of 
strength Γm  given by 

 ( ) ( ) ( ) ( )( )* *
0 0

1
log log log log

2 2 2

N
m

m m
m

ii iF ζ ζ ζ ζ ζ ζ ζ ζ
π π π=

ΓΓ Γ= − − + − + − − −      (17) 

where *ζ  is the complex conjugate of ζ . Note that the total strength of the vortices is zero. 
The flow about a half-plane was then obtained by transforming the flow given by Eq. (17) 
into the z-plane by the following conformal mapping: 

 ζ = i z                                  (18) 
The wake vortices were shed from the edge at each time step, and the strength was 
determined by the Kutta condition that removes an infinite velocity at the edge. Considering 
this, strength ΓN  of the N-th wake vortex was calculated by the recurrence formula 
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(19)

 
where jξ  and jψ  are the coordinates of the j-th free vortex (including the incident vortex) in 
the ζ -plane. The acoustic pressure can be calculated by applying Eq. (6.2.9) in Howe (2003) 
to multiple vortices. 
The incident vortex of strength 1Γ =  was located at x = -20, y = 0.4, and the time step was 
set as 0.05. We assumed that the wake vortices were created near the edge of the half-plane 
(i.e., x = 0.01, y = 0) at every time step. The exact position of the edge was x = 0 and y = 0. 
Figure 18 shows the results after 6000 steps. The dots represent the locations of wake 
vortices, and the solid line is the path of the incident vortex. The path without wake vortices 
considered is plotted by the broken line for comparison. The path of the incident vortex with 
the wake vortices was rolled up to make a spiral through the interaction with the wake 
vortices and lingered in a region not far from the half-plane. 
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Figure 19 shows the acoustic pressure produced by the interaction of the incident vortex, wake 
vortices, and half-plane (solid line). The acoustic pressure without wake vortices is plotted by 
the broken line for comparison. According to Howe, the time is non-dimensionalized as UT/l, 
where U is / (8 )πΓ l  and l is the distance of the closest incident vortex to the edge (where it 
crosses the x-axis at time 0 in Fig. 18) when no wake vortices are considered.  
 

-2 0 2 4-2
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x
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Without wake vortices
With wake vortices

 
Fig. 18. Results after 6000 steps. Wake vortices (dots). Path of incident vortex with wake 
vortices considered (solid line). Path of incident vortex without wake vortices considered 
(broken line). 
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Fig. 19. Acoustic pressure. Calculated with wake vortices considered (solid line). Without 
wake vortices (broken line). 
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The peak values without wake vortices at around time = 0 were -1.72 (time = -0.790) and 
1.72 (0.835), while the peak values with wake vortices were -0.29 (-3.28) and 0.47 (-0.449). 
This difference in values shows that the wake vortices decreased the peak values. 
However, the pressure continued to oscillate with the rolling movements of the incident 
vortex and wake vortices while it converged to zero when no wake vortices were 
considered. 
Figure 20 shows the strength of vortices shed from the edge. When the incident vortex was 
far enough from the edge, wake vortices of negligible strength were produced. As the 
incident vortex approached the edge, the strength increased, and the wake with the largest 
strength of -0.0119 was produced at around time 0 when the incident vortex passed the 
edge. After this time, the strength of the wake vortices decreased, but oscillation due to the 
rolling movement was observed. The total strength of the wake vortices in Fig. 21 suddenly 
decreases at around time = 0, and it converged on the value of -0.9429, which is not 1 but the 
strength of the incident vortex. This vortex strength remains because the incident vortex did 
not flow away from the half-plane, and its effects on the production of wake vortices 
remained. 

6. Three dimensions 
Many factors in three-dimensional analyses affect the acoustic pressure. The effect of a 
change in the shape of an incident vortex on the pressure is presented here. 
We considered a rectangular solid of dimensions 10 10 1× ×  with faces parallel to the x, y, 
and z axes with its center at the origin. An incident vortex of length 20 and strength 4π was 
placed from x = -10, y = -10 to x = -10, y =10 with a height of z = 0.5 in a uniform flow of 
speed 1. The production of the wake vortices was not considered.  
The rectangular solid was represented by distributions of source and vorticity, whose 
strength was determined by the non-permeable condition at each time step. The surfaces 
of the solid were divided into 2150 panels. The bound vortices Γ j

Bi  that represent the body 
in the unit flow in the j direction (j = x, y and z) were obtained in advance with the non-
permeable condition imposed at the center of each panel. The time step was 0.005.  
Figure 22(a) shows the locations for every 50 time steps of the incident vortex flowing from 
the left to the right in the uniform flow without changing its shape. The velocity at which 
the vortex moved was calculated at the center of the vortex. Figure 22(b) shows the incident 
vortex, which was divided into 20 elements of the same length so that the shape of the 
vortex could change according to the velocity induced at each element. The shape of the 
vortex deformed to fit the outline of the solid, and the vortex took almost twice as much 
time as that shown in Fig. 22(a) to flow from the leading edge of the solid to the trailing 
edge. 
Figure 23 compares the acoustic pressures of the drag and lift dipoles, as normalized by 

2
1 00

/ (4 | | )ρ πΓx LU c x , of the rectangular solid with vortex deformation (broken line), the 
solid without vortex deformation (thick solid line), and, for reference, a two-
dimensional flat plate from quasi three-dimensional simulation (thin solid line). Time t 
was normalized as Ut/a, where U is the uniform velocity of 1 and a is the half-length of 
the solid of 5. 
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Fig. 20. Strength of wake vortices. 
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Fig. 21. Total strength of wake vortices. 
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Fig. 22. An incident vortex passing a rectangular solid with and without changing its 
shape. 
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(a) Drag dipole; (b) Lift dipole 

Fig. 23. Comparison of acoustic pressures for rectangular solid with vortex deformation 
(broken line), without vortex deformation (thick solid line), and a flat plate with quasi three-
dimensional simulation (thin solid line). 
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The pressures of the flat plate and rectangular solid without vortex deformation were 
similar, while these for the rectangular solid with vortex deformation were rather weakened 
compared with line vortex analysis without a change in shape. The reason for this was as 
follows: In this study, the movement of an entire vortex line without deformation was 
calculated using the velocity at the center of the vortex, while the movement of a vortex line, 
divided into multiple elements, with deformation was estimated using the velocity at each 
element. Accordingly, as shown in Fig. 23(a), the time period between the negative peaks 
was almost 1 for “No deformation” and almost 2 for “With deformation.” This shows that 
the time period for the incident vortex to travel from the leading edge to the trailing edge in 
the case “With deformation” was twice the value obtained in the case “No deformation.” 
This implied that the velocity and acceleration of the incident vortex were evaluated to be 
larger for the “No deformation” case than for the “With deformation” case, resulting in a 
decrease in the pressure with an increase in the vortex deformation, as shown in Fig. 23. 

7. Conclusion 
We generalized Howe’s method, based on the compact assumption that the wavelength of 
sound is large compared to the dimension of the solid body, to treat two-dimensional 
shapes with unknown conformal mappings and three-dimensional obstacles. The idea for 
calculating the acoustic pressure of arbitrarily shaped obstacles without conformal 
mappings is to use three sets of bound vortices which represent the obstacles in uniform 
flows of speed 1 in the x and y directions in two dimensions as well as in the z direction in 
three dimensions. These bound vortices are obtained by the panel method in advance. The 
acoustic pressures obtained by our method are considerably simple and easy to code. 
The results of our method for a circular cylinder agreed well with Howe’s solutions, and 
those for an NACA0012 airfoil agreed well with Kao’s solutions through the asymptotic 
matching method.  
Although Howe reported that the wake vortex shed from the trailing edge of an airfoil or 
half-plane cancels the acoustic pressure when the Kutta condition is employed, our 
simulations showed that (1) the production of the wake vortices decreases the acoustic 
pressure before the incident vortex reaches the edge, (2) the non-linear movements of the 
wake vortices keeps producing the acoustic pressure, and (3) the production of a large wake 
vortex enlarges the acoustic pressure. In addition, a change in the shape of the incident 
vortex decreases the acoustic pressure. 
The simulations conducted here were intended to show the validity and accuracy of our 
method and to study very fundamental problems. Applications of our method to 
engineering problems will be shown in the near future. In addition, a vortex method for the 
vortex sound without the compact assumption is the next goal. 
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1. Introduction  

In this chapter, a novel multiscale method is presented that is based upon the Particle-In-
Cell (PIC) finite element approach. The particle method, which is primarily used for fluid 
mechanics applications, is generalized and combined with a homogenization technique. The 
resulting technique can take us from fluid mechanics simulations seamlessly into solid 
mechanics. Here, large deformations are dealt with seamlessly, and material deformation is 
easily followed by the Lagrangian particles in an Eulerian grid. Using this method, solid 
materials can be modeled at both micro and macro scales where large strains and large 
displacements are expected. In a multiscale simulation, the continuum material points at the 
macroscopic scale are history and scale dependent. When conventional Finite Elements are 
used for multiscale modeling, microscale models are assigned to each integration point; 
with these integration points usually placed at Gaussian positions. Macroscale stresses are 
extrapolated from the solution of the microscale model at these points and significant loss of 
information occurs whenever re-meshing is performed. In addition, in the case of higher-
order formulations, the choice of element type becomes critical as it can dictate the 
performance, efficiency and stability of the multiscale modeling scheme. Higher-order 
elements that provide better accuracy lead to systems of equations that are significantly 
larger than the system of equations from linear elements. The PIC method, on the other 
hand, avoids all of the problems that arise from element layout and topology because every 
material point carries material history information regardless of the mesh connectivity. 
Material points are not restricted to Gaussian positions and can be dispersed in the domain 
randomly, or with a controlled population and dispersion. Therefore, in analogy to Finite 
Element Method (FEM) mesh refinement, parts of the domain that might experience 
localization can have a higher number of material points representing the continuum 
macroscale in more detail. Similar to the FEM multiscale approach, each material point has a 
microscale model assigned and information passing between the macro and micro scales is 
carried out in a conventional form using homogenization formulations. In essence, the 
homogenization formulation is based on finding the solution of two boundary value 
problems at the micro and macro scales with information passing between scales. Another 
advantage of using the particle method is that each particle can represent an individual 
material property, thus in the microscale phase, interfaces can be followed without the 
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numerical overhead associated with the contact algorithms while material points move. 
Moreover, the PIC method in the macro and microscale tracks material discontinuities and 
can model highly distorted material flows. Here we aim to build and investigate the 
applicability of the PIC method in a multiscale framework.  
Three examples that showcase a fluid approach to model solid deformation are presented. 
The first numerical experiment uses a viscoelastic-plastic material that undergoes high 
strains in shear. The material is considered to be in a periodic domain. The initial 
orientation, the high-strain configuration and the softening of the shear bands are studied 
with very high resolutions using PIC method. This is a situation where a conventional FE 
approach could be very expensive and problematic. The second example is the simulation of 
the global system of tectonic plates that form the cool upper boundary layer of deep 
planetary convection cells. Creeping flow in the mantle drives the plates and helps to cool 
the Earth. This is an unusual mode of convection, not only because it takes place in a solid 
silicate shell, but also because a significant fraction of the thickness of the cold boundary 
layer (the lithosphere) behaves elastically with a relaxation time comparable to the overturn 
time of the system (Watts et al. 1980). In modeling this system, we need to account for 
Maxwell viscoelastic behavior in the lithosphere as it is recycled into the Earth’s interior. 
The lithosphere undergoes bending, unbending, and buckling during this process, all the 
while being heated and subjected to stress by the mantle flow. A Maxwell material has a 
constitutive relationship which depends upon both the stress and the stress rate. The stress 
rate involves the history of the stress tensor along particle trajectories. PIC approaches are 
an ideal way to approach this problem. For a full discussion, see (Moresi et al. 2003). The last 
example presented in this chapter is on the simulation of forming process of Advanced High 
Strength Steels (AHSS). These are materials with multiphase microstructure in which 
microstructure has a pronounced effect on the forming and spring-back of the material. The 
contribution of this chapter is on the illustration of the PIC method in solid mechanics 
through examples that include large strain deformation of viscoelastic-plastic materials as 
well as multiscale deformation of elastoplastic materials.  

2. Particle-based method: An alternate to FE method 

Particle methods are result of attempts to partially or completely remove the need for a 
mesh. In these methods, an approximation to the solution is constructed strictly in terms of 
nodal point unknowns (Belytschko et al. 1996). The domain of interest is discretized by a set 
of nodes or particles. Similar to FEM, a shape function is defined for each node. The region 
in the function’s support, usually a disc or rectangle, is called the domain of influence of the 
node (Belytschko et al. 1996). The shape function typically has two parameters, providing 
the ability to translate and dilate the domain of influence of a shape function. The 
translation parameter allows the function to move around the domain, replacing the 
elements in a meshed method. The dilation parameter changes the size of the domain of 
influence of the shape function, controlling the number of calculations necessary to find a 
solution. As the dilation parameter becomes larger, larger time steps can be taken. A set of 
basis functions also needs to be defined for a given problem.  
The principle advantage of a particle method is that the particles are not treated as a mesh 
with a prescribed connectivity. Therefore, mesh entanglement is not a problem and large 
deformations can be treated easily with these methods. Creating new meshes and mapping 
between meshes is eliminated. Refinement can be obtained by simply adding points in the 
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region of interest (Liu et al. 2004). It should be noted that most of these methods use a mesh 
to perform integration. However, this mesh can be simpler than would be needed for 
standard element-based solutions. Another advantage of the particle method is that there is 
no need to track material interfaces, since each particle has its own constitutive properties 
(Benson 1992).  
There are also difficulties in using particle methods. One of the major disadvantages of these 
methods is their relatively high computational cost, particularly in the formation of the 
stiffness matrix. The support of a shape function generally overlaps surrounding points 
unlike standard FE shape functions. In fact, the support of the kernel function must cover a 
minimum number particles for the method to be stable (Chen et al. 1998).  
The bandwidth of the stiffness matrix is increased by the wider interaction between nodes. 
There is a more irregular pattern of the sparsity, since the number of neighbors of a given 
point can vary from point to point. Thus, the number of numerical operations in the 
formation and application of these matrices increases. Additionally, higher-order shape and 
basis functions are usually used, with the result that higher-order integrations are required. 
Construction of these shape functions is also costly (Chen et al. 1998). 
Another problem is that overlapping shape functions are not interpolants (Belytschko et al. 
2001); even the value of a function at a nodal point must be computed from the contributing 
neighbors. This requirement makes essential boundary conditions more difficult to apply. 
Some techniques that have been developed to address this problem are Lagrange 
multipliers, modified variational principles, penalty methods and coupling to FEMs 
(Belytschko et al. 2001). However, there can also be difficulties with using these techniques. 
For example, the Lagrange multiplier method requires solution of an even larger system of 
equations. In addition, Lagrangian multipliers tend to destroy any structure, such as being 
banded or positive definite, that the system might exhibit (Belytschko et al. 2001). The 
modified variational approach applies boundary conditions of a lower order of accuracy. 
Coupling to FEMs by using particle methods only in regions with large deformations and 
FEMs elsewhere in the problem can reduce the cost of the solution. However, the shape 
functions at the interface become quite complicated and require a higher order of 
quadrature (Belytschko et al. 2001). Another method (Chen et al. 1998) first uses the map 
from nodal values to the function space to get nodal values of the function, then applies the 
boundary conditions, and then transforms back to nodal values. 
Many of these codes have been restricted to static problems. Chen has developed a dynamic 
code, but all of the basis functions are constructed in the original configuration (Chen et al. 
1998). 
Like their meshed counterparts, particle methods are useful for certain types of problems. 
However, because of their higher computational cost, they are not the method of choice for 
some types of problems. The PIC method, also known as Material Point Method (MPM), 
combines some aspects of both meshed and meshless methods. This method was developed 
by Sulsky and co-workers for solid mechanics problems based on the Fluid-Impact-Particle 
(FLIP) code, which itself was a computational fluid dynamics code (Sulsky et al. 1995).  
Sulsky et al. (Sulsky et al. 1995) initially considered application of MPM to 2D impact 
problems and demonstrated the potential of MPM. Later in 1996, Sulsky and Schreyer 
(Sulsky and Schreyer 1996) gave a more general description of MPM, along with special 
considerations relevant to axisymmetric problems. The method utilizes a material or 
Lagrangian mesh defined on the body under investigation, and a spatial or Eulerian mesh 
defined over the computational domain. The advantage here is that the set of material 
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points making up the material mesh is tracked throughout the deformation history of the 
body, and these points carry with them a representation of the solution in a Lagrangian 
frame. Interactions among these material points are computed by projecting information 
they carry onto a background FE mesh where equations of motion are solved. Furthermore, 
the MPM does not exhibit locking or an overly stiff response in simulations of upsetting 
(Sulsky and Schreyer 1996).  
In MPM, a solid body is discretized into a collection of material points, which together 
represent the body. As the dynamic analysis proceeds, the solution is tracked on the 
material points by updating all required properties, such as position, velocity, acceleration, 
stress, and temperature. At each time step, the material point information is extrapolated to 
a background grid, which serves as a computational scratch pad to solve the equilibrium 
equations. The solution on the grid-nodes is transferred using FE shape functions, on the 
material points, to update their values. This combination of Lagrangian and Eulerian 
methods has proven useful for solving solid mechanics problems involving materials with 
history dependent properties, such as plasticity or viscoelastic effects.  
The key difference between The PIC method developed by Moresi et al. and the classical 
MPM is the computation of updated particle weights which differ from the initial particle 
mass. This gives much improved accuracy in the fluid-deformation limits especially for 
incompressible flows (Moresi et al. 2003). This method is amendable to efficient parallel 
computation and can handle large deformation for viscoelastic materials. In the next section, 
we explain how this method is combined with the localization and homogenization routines 
to build a multiscale PIC method suitable solid mechanics applications. 

3. Numerical formulation 
3.1 Incremental iterative algorithm 
The stiffness matrix term is assembled over all cells (ܭ =  ୀଵ݇) in the model where theܣ
stiffness matrix of each cell is 

 ݇ =  ஐ்ܤ  Ω  (1)݀	ܤܥ

In equation (1) ܥ is a fourth order tensor that must be calculated by the appropriate 
constitutive equations at the particle level. In calculation of the global stiffness matrix, the 
effect of initial stresses (or nonlinear geometrical effects) must be considered. This is 
achieved by selecting a proper reference frame and adding nonlinear strain-displacement 
terms to the calculation of equation (1).  
We choose to use an Updated Lagrangian reference frame to build the global stiffness 
matrix. For simplicity, a quasi-static condition is considered. Therefore, the linearized 
system of equations takes the following form 

୧୬ୣୟ୰ܭ)  + ܷ(୭୬୪୧୬ܭ = ܨୣ ୶୲ −  ୧୬୲  (2)ܨ

Similar to FEM matrix and vector assembly, Equation (2) in extended form can be written as 

 ቀ ୧୬ୣୟ୰்௩ܤ ݀υ	୧୬ୣୟ୰ܤܥ	 +  ୭୬୪୧୬்௩ܤ ݀υቁ	୭୬୪୧୬ܤ߬	 u = ܨୣ ୶୲௧ା௧ −  ୧୬ୣୟ୰்௩ܤ ߬	݀υ  (3) 

In equation (3), ܤ୧୬ୣୟ୰ and ܤ୭୬୪୧୬ are linear and nonlinear strain-displacement matrices and 
the external forces are contributions of body forces and tractions 
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ܨୣ  ୶୲௧ା௧ =  ்ܰ௦ ௧ା௧݀sݏ݂	 +  ்ܰ௩ 	݂ܾ௧ା௧݀υ  (4) 

In Equations (2)-(4), terms are referenced to time t and t+∆t, whereas if the Total Lagrangian 
frame were in use, terms with reference to time zero and ݐ should have been taken into 
account. Similarly, the global internal force vector is assembled over all cells (Δܨ௧ ୀଵΔܣ= ୧݂୬୲). The difference between the internal and external force vectors is the residual, or 
out-of-balance, term: 

 ܴ = Δܨ୧୬୲ − Δୣܨ ୶୲  (5) 

If 	ܴ < ݊) ୲୭୪ୣ୰ୟ୬ୡୣ then the current incrementߣ + 1)୲୦ is in equilibrium and the simulation 
can move forward to the next increment, otherwise the system of linear equation is modified 
such that iterative displacements can be found from 

ܷ݀ܭ  = ܴ.  (6) 

With each new iterative displacement solution	ܷ݀, the above procedure is repeated until the 
criteria of ܴ <  ୲୭୪ୣ୰ୟ୬ୡୣ is satisfied (convergence is achieved). The preceding algorithm is theߣ
standard incremental-iterative algorithm, which can be used for both macro and micro scale 
simulation. The important factor to consider in the multiscale PIC is the coupling between 
these two scales and the constitutive relations at each scale.  
Constitutive equations of different phases at the microscale are defined using a conventional 
continuum mechanics approach for elastoplastic materials.  

3.2 Integration using particles 
Following the works of Moresi et al. (2003), the sampling points for integration of field 
variables in our multiscale PIC method are matched with the material points embedded in 
the macro scale model. These integration points are not fixed like Gauss points. Therefore, 
their positions are not known in advance and an adaptive scheme with the procedure 
outlined in the numerical implementation of Moresi et al. (2003) is used. The integral in 
Equation (1) results in a system of linear equations with unknown displacements on nodes 
with the element stiffness matrix  

 ݇ = ∑ ்ܤݓ (ୀଵ ்ܤܥ(ݔ  (7)  (ݔ)

where	݊ is the number of particles with weight ݓ	in a cell. ܤ	is the usual linear strain-
displacement tensor in FE. The fourth order tensor ܥ	is the stiffness matrix of the material at 
any arbitrary point P. The core significance of the multiscale PIC method lies in the way ܥ is 
calculated and obtained. In single scale methods, the constitutive equations are used to build 
this matrix. However, we use microscale homogenization, also known as multi level FE, to 
build this tensor as described shortly. An incremental iterative solution strategy of full 
Newton-Raphson (N-R) is used to solve the linearized equations of motion for nodal data in an 
implicit manner (Guilkey and Weiss 2003). The effect of initial stress and nonlinear geometric 
effect (e.g. due to mismatch between material properties of particles) is taken into account by 
addition of a nonlinear term to the stiffness matrix in equation (7). In all of the analyses, a 
quasi-static situation is assumed and all body and surface forces are represented by the 
external loads. After finding the incremental displacement, the strain and deformation 
gradient for each particle are calculated and used for the macro-micro coupling.  
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3.3 Elastoplastic solid deformation 
In continuum and fluid mechanics, the underlying microscopic mechanisms are complex 
but simplified at the macroscale level. In multiscale PIC, classical elastoplasticity is used as 
the constitutive relations for the microscale phases.  
Transformation from the undeformed configuration at pseudo time ݐ to the current 
configuration at pseudo time ݐ is described by a deformation gradient tensor	ܨ. The total 
deformation is multiplicatively decomposed into elastic and plastic parts. The 
decomposition is unique with the common assumption that the plastic rotation rate during 
the current increment is zero. Therefore, material rotations are fully represented in the 
elastic part of the deformation gradient tensor.  
The von Mises yield criterion defined by  

,ߪ)݂  (̅ߝ = ଷଶ :,ߪ ,ߪ −  (8)  (̅ߝ)௬ଶߪ

is used, where the effective plastic strain is 

̅ߝ  =  ටଶଷܦ: ௧ఛୀܦ ݀߬  (9) 

Hydrostatic stresses ߪ, are calculated using mean stress 		ߪ = ఙଷ   

,ߪ  = ߪ −    (10)ߜߪ

During the elastoplastic deformation, the plastic deformation rate ܦ is related to the stress 
by the normality rule. The direction of ܦ is perpendicular to the yield surface in the stress 
space, and the length of	ܦ, which is unknown at the current increment, is characterized by 
the plastic multiplier	ߣሶ. The value of the plastic multiplier is found from the consistency 
equation so that the stress state always resides on the yield surface during elastoplastic 
deformation. When the plastic multiplier is calculated, the constitutive relation between the 
objective rate of the Cauchy stress tensor and the deformation rate tensor is determined 
using the Prandtl-Reuss equation. Besides the constitutive equation for the stress state, the 
effective plastic strain is updated to keep track of the plastic evolution.  

3.4 Viscoelastic fluid deformation  
For the viscoelastic deformation, we begin our analysis from the momentum conservation 
equation of an incompressible, Maxwell viscoelastic fluid having infinite Prandtl number 
(i.e. all inertial terms can be neglected), and driven by buoyancy forces. 

,ߪ  = ݂  (11) 

where ߪ is the stress tensor and ݂ a force term. The stress consists of a deviatoric part, ߬, and 
an isotropic pressure, ,  

ߪ  = ߬ −    (12)ߜ

where ߜ =   .is the identity tensor ܫ
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The Maxwell model assumes that the strain rate tensor, ܦ, defined as:  

ܦ  = ଵଶ ൬డడ௫ೕ + డೕడ௫൰  (13) 

is the sum of an elastic strain rate tensor ܦ and a viscous strain rate tensor ܦ௩. The velocity 
vector, ܸ, is the fundamental unknown of our problem and all these entities are expressed in 
the fixed reference frame ݔ. In an incompressible material, these strain rates are, by 
definition, devatoric tensors.  
The viscous and elastic constitutive laws in terms of the strain rate are, respectively  

 ߬ = 				;௩ܦߟ2 τු =    (14)ܦߤ2

where ߟ is shear viscosity, ߤ is the shear modulus, and τු is an objective material derivative 
of the deviatoric stress.  
The viscous and elastic constitutive laws are combined by summing each contribution to the 
strain rate tensor  

ܦ  = ܦ + ௩ܦ = தුೕଶఓ + ఛೕଶఎ  (15) 

Writing the stress derivative as the difference, in the limit of small ݐ − Δݐ, between the 
current stress solution ߬ at ݐ, and the stress at an earlier time, ݐ − Δݐ	 gives  

 τු(ݐ, (࢞ = limఋ୲	  →  ఛೕ (௧,࢞) ି ఛොೕ (௧,௧ି௱௧	,࢛,࢞(࢞,௧))ఋ௧   (16) 

Where ߬̂௧  indicates a stress history tensor which has been transported to the current location 
by the time-dependent velocity field from its position at the earlier time, ݐ − Δݐ	. For each 
point in the domain, ࢞, this stress history is dependent upon the velocity history, which 
determines the path taken by the material to reach the point, ࢞, and any rotation of the 
tensor along the path.  
A common choice for τු is the following:  

 τු = డఛೕడ௧ + ߬ᇱ  (17) 

where			߬ᇱ is the instantaneous rate of change in the stress tensor, related to the spatial part 
of the Eulerian derivative and associated with the transport, rotation and stretching by fluid 
motion.  

 ߬ᇱ = ݑ డఛೕడ௫ೖ + ߬ ܹ − ܹ߬ + ܽ(߬ܦ +  ߬)  (18)ܦ

Here ܽ is a parameter that can take values between -1 and 1, and ܹ is the spin tensor,  

 ܹ = ଵଶ డడ௫ೕ − డೕడ௫൨  (19) 

When ܽ = 0, τු is known as the Jaumann derivative, and when ܽ = 1 or ܽ = −1 it is known 
as the upper- or lower-convected Maxwell derivative, respectively. In our implementation, 
we choose ܽ = 0. This choice greatly simplifies the formulation as it ensures that τු is 
deviatoric when ߬ is deviatoric.  
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Numerically, with the PIC formulation, it is more convenient to compute ߬̂ directly than to 
attempt to compute the derivatives in ߬ᇱ. ߬̂ is the stress tensor stored at a material point 
accounting for rotation along the path. This gives the following form of the constitutive 
relationship.  

 ߬ = 2 ఎఓ୲	ఎାఓ୲	 ቈܦ + ఛොೕ౪	ଶఓ୲	  (20) 

If we now write  

ୣߟ  = ఎఓ୲	ఎାఓ୲	  (21) 

ୣܦ  = ቈܦ + ఛොೕ౪	ଶఓ୲	 −  (22) 

 ߬ =  ୣ (23)ܦୣߟ2

It is clear that the introduction of viscoelastic terms into a fluid dynamics code is merely a 
question of being able to compute ߬̂ accurately; a simple task when particles are available. 
An important feature of this formulation is the fact that we have specified an independent 
elastic time step, Δt	which is not explicitly related to the relaxation time of the material or the 
timestep mandated by the Courant stability criterion.  
The use of an independent step is appropriate because there is a large variation of relaxation 
time within the lithosphere due to temperature dependence of viscosity exhibited by mantle 
rocks (Karato 1993). While the near surface has a relaxation time comparable to the overturn 
time, the deeper, warmer parts of the lithosphere have a relaxation time several orders of 
magnitude less than this — and elasticity may be ignored altogether. If Δt is chosen to 
resolve elastic effects at the relaxation time of the cool part of the boundary layer, then, for 
regions where the relaxation time is much smaller, the elastic term simply becomes 
negligibly small and viscous behavior is recovered. In (Moresi et al. 2003), we describe the 
manner in which the stress tensor can be averaged over a moving window to ensure that the 
storage of only one history value is required to recover ߬̂ at ݐ − Δt	.  
4. Multiscale formulation 
To perform multiscale simulation, a Representative Volume Element (RVE) is assigned to 
each material point. Instead of constitutive relations at the macroscale level, the 
microstructural material properties and morphologies are assumed to be known a priori. The 
realization of the RVE in terms of size and representativeness is an important factor. At the 
RVE level, the macroscale deformation gradient is used to impose boundary conditions on 
the RVE.  
After solving the microscale problem using a stand-alone multiscale PIC model, the stresses 
and tangent stiffness matrix are averaged and returned to the macroscale material point. The 
localization and homogenization (or commonly known the multilevel FEM) approaches 
explained here are mainly inspired by the works of Smit et al. (1998) and Kouznetsova et al. 
(2001). 
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After performing the homogenization, the residual forces at the material points are 
calculated. Then convergence of the macroscale iteration is checked. If convergence is 
achieved, the solver proceeds to the next increment; otherwise, the microscale solution is 
initiated to obtain the corrective stress vector. The material tangent-stiffness matrix and the 
averaged stress vector are evaluated for the corresponding material point.  

4.1 Localization 
During this phase, Boundary Conditions (BCs) are applied on the RVE model. BCs can be 
imposed in three ways: a) by prescribed displacement, b) by prescribed traction, or c) by 
periodic boundary conditions. The following formulation covers the prescribed 
displacement and periodic BC cases. The formulation for traction BC is outside the scope of 
our multiscale PIC code because it is fundamentally a displacement driven code. 
The macroscale deformation gradient is used as a mapping tensor on boundaries of the 
RVE, ݔ = ୟୡ୰୭ܨ ⋅ ܺ where ݔ refers to deformed and ܺ to undeformed position vectors of the 
points along the boundary. The most reasonable estimation of the averaged properties are 
obtained with periodic BCs (Smit et al. 1998). The periodic BCs are enforced using 
symmetric displacement and antisymmetric traction BCs along opposite edges of the 
boundary Γ	 (Kouznetsova et al. 2001). 

4.2 Homogenization 
The coupling of the macro and micro scales is performed during the homogenization 
phase. In this phase of solution, the averaged stress and consistent tangent stiffness matrix 
are calculated for the multiscale constitutive relations using the computational 
homogenization method outline by Kouznetsova (Kouznetsova 2002; Kouznetsova et al. 
2004). 
The macroscale deformation gradient and 1st PK stress are volume averages of their 
microscale counterparts. 

ୟୡ୰୭ܨ  = ଵ  ୧ୡ୰୭݀ܨ ܸబ   (24) 

 ܲୟୡ୰୭ = ଵ  ܲ୧ୡ୰୭݀ ܸబ   (26) 

where ܲ is the traction or force. After the RVE microscale problem is solved, the values of ܲ୧ୡ୰୭ are known, and one can perform the integration in equation (26) and return 
macroscale stresses to the corresponding material point. In the following, the gradient 
operator ∇ is taken with respect to reference configuration while ∇	is the gradient operator 
with respect to the current configuration. With account for microscale equilibrium ∇	୧ୡ୰୭ ⋅ܲ୧ୡ୰୭ = 0ሬԦ and the equality of ∇	୧ୡ୰୭ ⋅ ܺ =  Ԧ the following relation holdsܫ

 ܲ୧ୡ୰୭ = (∇	୧ୡ୰୭ ⋅ P୧ୡ୰୭)ܺ + P୧ୡ୰୭(∇	୧ୡ୰୭ ⋅ ܺ) = ∇	୧ୡ୰୭(P୧ୡ୰୭ ⋅ ܺ) (27) 

substitution of equation (27) into (26) and application of the divergence theorem ( ∇ ⋅ஐ݀ݑΩ = ݊ ⋅ Γ݀	ݑ ) and the definition of the first PK stress vector ( = ܰ ⋅ ܲ୧ୡ୰୭) gives 

 ܲୟୡ୰୭ = ଵ  ∇	୧ୡ୰୭ ⋅ ( ܲ୧ୡ୰୭ܺ)݀ ܸబ = 	 ଵ  ܰ ⋅ ܲ୧ୡ୰୭ܺ݀Γబ   (28) 
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where ݊ and ܰ	are the normal vectors in initial (Γ) and current (Γ) RVE boundaries, 
respectively. The integration in equation (28) can be simplified for prescribed displacement 
BC and a periodic BC. The consistent tangent stiffness matrix can also be calculated using 
the RVE equilibrium equation and the relation between averaged RVE stress and its 
averaged work conjugate quantity. Next, macroscale stress and stiffness matrix calculations 
are treated separately for the prescribed displacement BC and periodic BC. 

4.3 Prescribed displacement BC 
The macroscale deformation gradient is used as a mapping tensor on the boundaries of the 
RVE: 

ݔ  = ୟୡ୰୭ܨ ⋅ ܺ														 			with X on	Γ  (29) 

where ݔ refers to deformed and ܺ to undeformed position vectors of the points along the 
boundary, Γ	is the initial undeformed boundary points of the RVE. 
For the case of prescribed displacement BC, integration of equation (26) simply leads to the 
following summation 

 ܲୟୡ୰୭ = ଵబ ∑ () (ܺ) = ଵబ ∑ (݂) (ܺ)   (30) 

where (݂) are the resulting external forces at the boundary nodes (that are caused by ܲୟୡ୰୭ 
stress on these nodes). In the preceding equation,	 (ܺ)	is the position vector of the i-th node 
along the undeformed boundary Γ	of RVE. The macroscale 1st PK stress in equation (30) is 
a non-symmetric second-order tensor, and in component form for two dimensions it can be 
written as follows 

 ெܲ = ଵబ ∑ ଵ݂() ଵܺ() ∑ ଵ݂()ܺଶ()∑ ଶ݂() ଵܺ() ∑ ଶ݂()ܺଶ() ൩  (31) 

where scalar values ଵ݂() and ଶ݂()	 are resulting external forces in basis direction one and 
two, respectively. Similarly, scalar values ଵܺ()	and ܺଶ()	refer to the initial position vector in 
directions one and two. The subscript index (i) indicates the quantity is on the i-th node 
along the boundary.  
Multiscale constitutive relations are required to determine the macroscale consistent 
stiffness matrix at ݐ = ݐ + 1. The components of this matrix are the derivative of the 
macroscale 1st PK stress with respect to its corresponding work conjugate, macroscale 
deformation gradient 

ܥ  = డౙ౨డிౙ౨  (32) 

where ܥ is the fourth-order tensor of the macroscale consistent stiffness moduli. In the 
incremental iterative solver, the above derivative can be rewritten in terms of iterative 
variations of 1st PK stress and deformation gradients 

ܥ  = ఋౙ౨ఋிౙ౨  (33) 

Equation (31) can be used to find variations of 1st PK stress 
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ߜ  ெܲ = ଵబ ∑ ߜ ଵ݂() ଵܺ() ∑ ߜ ଵ݂()ܺଶ()∑ ߜ ଶ݂() ଵܺ() ∑ ߜ ଶ݂()ܺଶ() ൩  (34) 

To find variations in external forces ߜ (݂) one can use the RVE equilibrium equation written 
in matrix notation as 

 ܭௗௗ ௗܭௗܭ ൨ܭ ݑߜௗݑߜ൨ = ߜ ௗ݂ߜ ݂൨  (35) 

where subscript b refers to degrees of freedom of the boundary points and subscript d refers 
to degrees of freedom of internal points in the RVE domain. After solution of the RVE 
model, Equation (35) can be reduced to find the stiffness matrix that corresponds only to the 
prescribed degrees of freedom on the boundary points 

 ሾܭ − ݑߜௗሿܭଵି(ௗௗܭ)ௗܭ = ߜ ݂ (36) 

where the left hand side term in the bracket is stiffness matrix ܭ୧ୡ୰୭_. Equation (36) may be 
rewritten in tensor notation.  

 ∑ ሾܭ − ௗሿ()ܭଵି(ௗௗܭ)ௗܭ ()ݑߜ = ߜ (݂)  (37) 

Subscripts i and j refer to nodes on the boundary Γ		of the RVE where the displacement is 
prescribed.  
Now by substitution of equation (37) into equation (34) the numerator term in (33) is found 
as 

ߜ  ܲୟୡ୰୭ = ଵబ ∑ ∑ ()ݑߜ୧ୡ୰୭_()ܭ (ܺ)   (38) 

On prescribed nodes, the displacement is ݑ() = ୟୡ୰୭ܨ) − (ܫ ⋅ ܺ(), and their variation is 
simply	ݑߜ() = (ܺ) ⋅   ெ. Hence, equation (38) simplifies toܨߜ

ߜ  ܲୟୡ୰୭ = ଵబ ∑ ∑ ܺ()ܭ()୧ୡ୰୭_ܺ(): ୟୡ୰୭ܨߜ  (39) 

Comparing equation (39) and (33), the macroscale consistent tangent stiffness matrix is 
found from the right hand side of equation (39) to be 

ܥ  = ଵబ ∑ ∑ ܺ()ܭ()୧ୡ୰୭_ (ܺ)  (40) 

where each component of the matrix on the right hand side is a [2x2] matrix itself. In other 
words, ܭ()୧ୡ୰୭_ is the same as a [2x2] matrix found from the global microscale stiffness 
matrix at rows and columns of degrees of freedom i and j. 

4.4 Periodic BC 
The macroscale deformation gradient is used as a mapping tensor on opposite boundaries of 
the RVE such that the undeformed and deformed shapes of opposite edges of the RVE are 
always the same and the stresses are equal but in an opposite direction.  

ାݔ  − ିݔ = ୫ୟୡ୰୭ܨ ⋅ (ܺା − ܺି)and ܲା = ܲି (41) 
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where  = ܰ ⋅ ܲ is the traction related to the 1st PK stress tensor and normal ܰ with 
reference to the initial configuration of the RVE. Some writers have modified the periodic 
BC of equations (41) to simple relations between top-bottom and right-left edges of an 
initially square shape two-dimensional RVE, shown in Figure  1 (Kouznetsova et al. 2001; 
Smit et al. 1999). 
The choice of periodic boundary conditions has been proven to give a more reasonable 
estimation of the averaged properties, even when the microstructure is not regularly 
periodic (Kouznetsova et al. 2001; Smit et al. 1999; Van der Sluis et al. 2001). The periodic 
boundary condition implies that kinematic (or essential) boundary conditions are periodic 
and natural boundary conditions are antiperiodic. The latter is to maintain the stress 
continuity across the boundaries. The spatial periodicity of ܰ is enforced by the following 
kinematic boundary constraints ܺ୭୮(ߦଷସ) + ଵܺ − ܺସ − ܺ୭୲୲୭୫(ߦଵଶ) = 0 for ଷସߦ = (ଶଷߦ)ଵଶ ܺୖ୧୦୲ߦ + ଵܺ − ܺଶ − ܺୣ୲(ߦଵସ) = 0 for ଶଷߦ =  ସଵߦ

(42) 

and natural boundary constraints ߪ ⋅ ݊୭୮(ߦଷସ) = ߪ− ⋅ ݊୭୲୲୭୫(ߦଵଶ) for ଷସߦ = ߪ ଵଶߦ ⋅ ݊ୖ୧୦୲(ߦଷସ) = ߪ− ⋅ ݊ୣ୲(ߦଵଶ) for ଶଷߦ =  ସଵߦ
(43) 

where on the ij-th boundary, ߦ and ߟ are local coordinates of nodes on the top-bottom 
and left-right edges, respectively, as shown in Figure 1. Assuming that point C1 is located 
on the origin of the rectangular Cartesian coordinate system of	(ߦ,  vertex 1 is fully fixed ,(ߟ
to eliminate rigid body rotation of the RVE. The kinematic boundary condition (or 
prescribed displacement due to the macroscale deformation gradient) acts only on the three 
corner nodes C1, C2 and C4. 

ݑ  = ୫ୟୡ୰୭ܨ) − (ܫ ܺ	for	݅ = ,1ܥ  (44) 	4ܥ	and	2ܥ

Using equations (41)-(44) one can fully define the boundary value problem of the RVE 
model. Because in a displacement-based code, stress periodicity will be approximately 
satisfied due to the displacement periodicity induced by constraints of equation (42), the 
periodicity condition may be recast in terms of displacement constraints only. ୖݑ୧୦୲ = ୣ୲ݑ − ଶݑ + ୭୮ݑ ଵݑ = ୭୲୲୭୫ݑ − ଵݑ +  ସݑ

 
(45) 

Equations (44) and (45) provide a link between degrees of freedom of top-bottom and right-
left boundaries of the RVE in the microscale global stiffness matrix. 
For the periodic boundary condition, the calculation of the macroscale stress follows that of 
the prescribed displacement case and is found by equation (34). The only difference is that 
subscript i refer to the three prescribed corner nodes of C1, C2 and C4. 
Similarly, the macroscale consistent tangent moduli is found by equation (40) whereas again 
subscripts i and j correspond only to corner nodes 1, 2 and 4. Furthermore, as shown in 
Figure 2, the global stiffness matrix for the microscale is partitioned to points on corners 
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(indicated by subscript c), points on positive (subscript p) and negative (subscript n) edges, 
as well as points inside the domain of the RVE model (subscript d) 

ێێێۏ 
ௗௗܭۍ ௗܭௗܭ ܭ ௗܭ ܭௗܭ ௗܭܭ ௗܭܭ ܭ ܭ ܭܭ ܭ ۑۑۑے

ې
ێێۏ
ۑۑےݑߜݑߜݑߜௗݑߜۍ

ې = ێێۏ
ߜۍ ௗ݂ߜ ݂ߜ ݂ߜ ݂ ۑۑے

ې
 (46) 

where the external force vector of points inside the RVE domain satisfies ߜ ௗ݂ = 0.  
 

 
Fig.  1. Typical square shape RVE in undeformed configuration 

 
Fig. 2. Partitioning of global stiffness matrix of microscale with reference to position of 
material points in an RVE with periodic boundary conditions 
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The periodic boundary condition then implies that on the microscale	ߜ ݂ = ߜ− ݂,	ݑߜ =  ݑߜ	
and	ݑߜ = 0. The rest of the procedure to calculate the consistent tangent stiffness matrix for 
the macroscale material point is similar to calculations described in previous section for the 
prescribed BC. 

5. Numerical models 
The multiscale PIC method developed in the previous sections was applied to a series of case 
studies to assess its efficiency and accuracy compared to traditional fluid mechanics or solid 
mechanics modeling and simulation methods. Two examples are presented that employ the 
PIC method, without any multiscale effect, to showcase the differences between conventional 
FE approach and PIC method. These examples are followed by some more examples of metal 
forming processes modeled using the multiscale PIC method described in previous section.  

5.1 Shear banding of viscoelastic plastic material under incompressible viscous flows 
This example is a 2D numerical experiment of a strain-softening viscoelastic-plastic material 
undergoing simple shear in a periodic domain. We anticipate the development of strong shear 
banding in this situation. Our interest lies in understanding 1) the initial orientation of the 
shear bands as they develop from a random distribution of initial softening, 2) the high-strain 
configuration of the shear bands, and how deformation is accommodated after the shear bands 
become fully softened. This experiment is similar to the ones described in Lemiale et al. (2008); 
here we use simple-shear boundary conditions and very high resolution to study several 
generations of shear bands. The sample material is confined between two plates of viscous 
material with "teeth" which prevent shear-banding from simply following the material 
boundaries. A small plug of non-softening material is applied at each end of the domain to 
minimize the effect of shear bands communicating across the wrap-around boundary. The 
example shown in Figures 3 and 4 are of a material with 20% cohesion softening and a friction 
coefficient of 0.3 (which remains constant through the experiment). The material properties of 
the sample are: viscosity = 100, elastic shear modulus = 106, cohesion = 50. This ensures that 
the material begins to yield in the first few steps after the experiment is started. 
A large number of shear bands initiate from the randomly distributed weak seeds in two 
conjugate directions in equal proportions. These two orientations are: 1) approximately 5 
degrees to the maximum velocity gradient (horizontal) and 2) the conjugate to this direction 
which lies at 5 degrees to the vertical. These orientations are highlighted in Figure 3a which 
is a snapshot taken at a strain of 0.6%.  
As the strain increases to 3% (Figure 3.b), the initial shear bands coalesce into structures 
with a scale comparable to the sample width. The orientation of the largest shear bands in 
the interior of the sample is predominantly at 10 degrees to the horizontal. This angle creates 
a secondary shear orientation, and further, smaller shear bands are seen branching from the 
major shear bands.  
At total strain between 100% and 130%, the shear bands have begun to reorganize again into 
structures sub-parallel to the maximum velocity gradient. Softening has concentrated the 
deformation into very narrow shear bands which can be seen in Figure 3c and 3d. Although 
the total strain is of order unity, the maximum strain in the shear bands is higher by nearly 
two orders of magnitude. Further deformation of the sample produces almost no 
deformation in the bulk of the material; all subsequent deformation occurs on the shear 
bands (Figure 3c evolving to Figure 3d). 
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The progression of the experiment from onset to a total shear across the sample of 130% is 
shown in Figure 3. The plot is of plastic strain overlain with material markers. Figures 4a 
and 4b are the full-size experiments from which Figure 3a and 3b were taken. Figures 4(e,f) 
are the full-size images of Figure 3(c,d).  
Although this experiment represents solid deformation, the extremely high-strains present 
in the shear bands warrant the formulation of the problem using a fluid approach.  
 

 
Fig. 3. A viscoplastic material with a strain-softening Drucker-Prager yield criterion is 
subjected to a simple shear boundary condition which gives a velocity gradient of 1 across 
the sample. The resolution is 1024x256 elements in domain of 8.0 x 2.0 in size. The strain rate 
is shown in (a,b) for an applied strain of 0.6% and 3% respectively. The scale is logarithmic 
varying from light blue (strain rates < 0.01) to dark red (strain rates > 5.0). The average shear 
strain rate applied to the experiment is 1.0. Shear bands are fully developed at 1-2% strain. 
At high strains of 100% and 130%, shown in (c,d), almost all deformation occurs in the shear 
bands. In these examples we have included light-coloured stripes, initially vertical, which 
mark the strain. The shear bands are visualized by applying dark colouring to material 
which reaches the maximum plastic strain of 1.0. 



 
Advanced Methods for Practical Applications in Fluid Mechanics 

 

200 

 
Fig. 4. The evolution of the shear experiment from 0.6% applied strain (a) through to 130% 
strain (f). The intermediate values of strain are 3% (b), 33% (c), 66% (d) and 100% (e). The 
resolution is 1024x256 elements in domain of 8.0 x 2.0 in size; strain markers and shear 
bands are visualized as in Fig. 3c,d.  
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5.2 Viscoelasticity in subduction models 
The model in which we demonstrate the importance of viscoelastic effects in subduction is 
one in which an isolated oceanic plate founders into the mantle. Although this model is not 
a faithful representation of a subduction zone, it is well understood, and different regimes of 
behavior have been observed and interpreted in a geological context for purely viscous 
plates (OzBench et al. 2008). The model has a viscoelastic inner core with viscoplastic outer 
layers. The lithosphere undergoes significant strain as it traverses the fluid (mantle) layer.  
Figure 5 shows subduction models in which ߤ ranges across 3 orders of magnitude with a 
constant value of the viscosity contrast between the core of the slab and the background 
mantle material of	Δߟ = 2 × 10ସ, resulting in relaxation times from 20,000 years through to 2 
million years. Contour lines of viscosity are included to differentiate between the upper 
mantle, outer plastic lithosphere and slab core.  
 

 
Fig. 5. Weissenberg number for free slab models at steady state with increasing elasticity. 
The models represent the outer 670km of the Earth. The models are run in a domain of 
aspect ratio 6; the images are then translated to show the hinge at the same position in the 
diagram for each of the cases. This steady state snapshot is taken when the subduction rate 
reaches a constant value and with the slab fully supported by the lower mantle. (a) Viscous 
only core ߟ߂ = 2 × 10ସ. Viscoelastic core models have Δߟ = 2 × 10ସ with a scaled 
observation time (Δݐ) of 2 × 10ସ yrs for all models and elastic modulus varying as (b) ߤ = 2 × 10ଵଵ	Pa (ߙ = 21 Myr) (c) ߤ = 8 × 10ଵ	Pa (ߙ = 108 Myr) (d) ߤ = 4 × 10ଵ	Pa (ߙ = 194 
Myr) (e) ߤ = 8 × 10ଽ	Pa (ߙ = 1080 Myr) (f) ߤ = 4 × 10ଽ	Pa (ߙ = 2160 Myr) 

The coloring indicates the Weissenberg number: a measure of the relaxation time to the local 
characteristic time of the system (here defined by the strain rate). In regions where this value 
is close to unity, the role of elasticity dominates the observed deformation. The increase in 
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Weissenberg number highlights the change in slab morphology during steady state 
subduction as elasticity is increased with a fold and retreat mode observed for the viscous 
core model (a) and models (b-d). As ߤ decreases, the elastic stresses increase, producing in a 
strongly retreating lithosphere for low values of ߤ.  
In Figure 6, we show the stress orientations associated with the viscosity-dominated and 
elasticity-dominated models. The stress distribution and orientation each influence 
seismicity and focal mechanisms of earthquakes. Although the near-surface morphology of 
the lithosphere is quite similar in each case, the distinct patterns of stress distribution and 
the difference in stress orientation during bending indicate very different balances of forces. 
Viscoelastic effects are clearly important in developing models of the lithospheric 
deformation at subduction zones. Particle based methods such as ours allow the modeling 
not only of the viscoelastic slab, but the continuous transition through the thermal boundary 
layer, to the surrounding viscous mantle. This makes it possible to study, for example, the 
interaction of multiple slabs in close proximity, or slabs tearing during continental collision. 
 

 
Fig. 6. The dimensionless deviatoric stress invariant and stress orientation within the core 
showing extension (red) and compression (blue) axes at the steady state time step shown in 
Figure 5 for a relaxation time of (a) 21 k yr – viscosity dominated and (b) 2,160 k yr – 
elasticity playing a dominant role in the hinge region. The eigenvectors are plotted using the 
same scale for both (a) and (b). The reference stress value is 48 MPa.  
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5.3 Multiscale modeling of AHSS 
Advanced High Strength Steels such as Dual Phase (DP) and Transformation Induced 
Plasticity (TRIP) steels have a multiphase microstructure that strongly affects their 
forming behavior and mechanical properties. DP steel’s microstructure consists of hard 
martensite inclusions in a ferrite matrix. TRIP steel has a similar microstructure with 
addition of retained austenite which then potentially transforms into martensite during 
deformation. The result of this transformation is better combination of ductility and 
strength. The multiphase nature of the DP and TRIP steels’ microstructure is the focus of 
modeling with multiscale PIC method as well as with conventional FE method (Asgari et 
al. 2008).  
One of the difficulties with FEM micromechanical models is the requirement for mesh 
refinement. Our multiscale PIC method benefits from the h-type of refinement similar to the 
one traditionally used in FEM. Using this approach, it is possible to increase the number of 
background cells as if the cells were elements in a FE model. This enrichment in the 
multiscale PIC model is schematically shown in Figure  7 for a three phase (TRIP steel) 
microscale model. Accordingly, convergence tests were used to certify that the solution was 
not altered by the increasing number of background cells.  
 

 
Fig. 7. The multiscale PIC enrichment similar to the idea of h-refinement in FEM 

With the aid of background cell enrichment, an important feature of the multiscale PIC 
method is also visualised in Figure  7. This feature is demonstrated in the capability of the 
multiscale PIC method to represent two or three (or even more) material properties within 
a single background cell; for example in Figure  7a, the lower left hand side cell contains 
three different material points. Such representation in FE method needs at least three 
elements with three different material properties. This advantage of PIC method was 
carried over into the refined models as shown in Figure 7(b,c). In these cases, the phase 
interfaces and background cell boundaries never disturbed each other and are 
independent. 
The simplified unit cell configuration was used in microscale analyses of DP and TRIP 
steels, as shown in Figure 8. In addition to simplified unit cell representation, it is possible 
to use realistic microstructure of these steels in the simulations. For further details on 
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strength to realistic microstructure see Asgari et al. (Asgari et al. 2009). The two phases in 
the DP microscale models and the three phases in the TRIP microscale models obeyed the 
J2 theory of deformation. For these constituent phases being isotropic elastoplastic, only 
two elastic constants were necessary to describe the elastic behavior, and Swift hardening 
was assumed  

(ߝ)ߪ  = (1ߪ +  ) (47)ߝܪ

Where ߝ	is the accumulated plastic strain. ߪ was considered to be 500, 780 and 2550 MPa 
for ferrite, austenite and martensite, respectively. The hardening factor and hardening 
exponent (ܪ, ݊) were taken to be (93 MPa, 0.21) for ferrite, (50 MPa, 0.22) for austenite and 
(800 MPa, 0.2) for martensite. These material properties can be obtained by a combination of 
neutron diffraction, nano-indentation and microstructural imaging described by Jacques et 
al. (Jacques et al. 2007).  
 

 
Fig. 8. Geometrical representation of the simplified unit cells for a) DP steel with 76.76% 
ferrite (grey) and 23.24% martensite (black) and b) TRIP steel with 77.12% ferrite (Gray), 
14.75% austenite (black) and 8.13% martensite (white); and the von Mises stress distribution 
for c) DP steel and d) TRIP steel  

The PIC method was quantitatively stiffer than FEM at the peak stress, although in some 
local regions around corners of the microscale unit cell boundary, FEM occasionally showed 
more stiffness than PIC. The effective plastic stress and strain predicted from the simplified 
unit cells were calculated using the volume averaging homogenization technique. These are 
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plotted in Figures 9(a,b) for the DP and TRIP steel, respectively. The effective stress 
predicted from simplified regular unit cells showed up to 10% error using the FE method 
and up to 6% error using the Multiscale PIC method, which does not prove to be 
significantly more accurate than FE method.  
An interesting observation made from the macroscale effective stress of simplified unit cells 
was the prediction of the yield point using FE and multiscale PIC method. In the case of the 
DP steel, both methods were able to predict the yield stress quite accurately.  
However, in the case of the TRIP steel, the multiscale PIC method produced more error 
compared to the FE results. The increased error occurs because in multiscale PIC method the 
location of integration points are not at the optimal locations as the FE integration points 
are. Therefore, there might be some loss of accuracy due to integrations performed in this 
method. This loss of accuracy balances out with the improved accuracy obtained from the 
smoother interpolation of the field variables (especially on and around the phase interfaces) 
after a certain strain values. Therefore, the error in the FE method continued increasing 
while that of the multiscale PIC method reached a plateau, and might have even decreased 
if deformed towards much larger strains.  
 

 
Fig. 9. The effective plastic macro stress from simplified regular unit cell models of a) DP 
steel and b) TRIP steel, showing comparison between FE method (FEM), multiscale PIC 
(MPIC) and experimental stress strain data. 



 
Advanced Methods for Practical Applications in Fluid Mechanics 

 

206 

6. Conclusion 

The examples of large strain deformation of viscoelastic-plastic material and tectonic plates 
shows that PIC method is very suitable for solid mechanics problems where large 
deformations are encountered. However, the last example showed that the multiscale PIC 
method does not have any significant advantage over FE method in small strains for solid 
mechanic formulation. In such cases, the maturity of the FE method dominates the minimal 
accuracy benefits that could be obtained by using material particles instead of integration 
points. 
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1. Introduction

Optimal shape design problems in fluid mechanics have wide and valuable applications in
aerodynamic and hydrodynamic problems such as the design of car hoods, airplane wings
and inlet shapes for jet engines. One of the first studies is found in Pironneau (1974). It is
devoted to determine a minimum drag profile submerged in a homogeneous, steady, viscous
fluid by using optimal control theories for distributed parameter systems. Next, many shape
optimization methods are introduced to determine the design of minimum drag bodies Kim
and Kim (1995); Pironneau (1984), diffusers Cabuk andModi (1992), valves Lund et al. (2002),
and airfoils Cliff et al. (1998). The majority of works dealing with optimal design of flow
domains fall into the category of shape optimization and are limited to determine the optimal
shape of an existing boundary.
It is only recently that topological optimization has been developed and used in fluid design
problems. It can be used to design features within the domain allowing new boundaries
to be introduced into the design. In this context, Borvall and Petersson Borrvall and
Petersson (2003) implemented the relaxed material distribution approach to minimize the
power dissipated in Stokes flow. To approximate the no-slip condition along the solid-fluid
interface they used a generalized Stokes problem to model fluid flow throughout the domain.
Later, this approach was generalized by Guest and Prévast in Guest and Prévost (2006). They
treated the material phase as a porous medium where fluid flow is governed by Darcy’s law.
For impermeable solid material, the no-slip condition is simulated by using a small value for
the material permeability to obtain negligible fluid velocities at the nodes of solid elements.
The flow regularization is expressed as a system of equations; Stokes flow governs in void
elements and Darcy flow governs in solid elements.
In this work, we propose a new topological optimization method. Our approach is based on
topological sensitivity analysis Amstutz (2005); Amstuts and Masmoudi (2003); Garreau et al.
(2001); Guillaume and Hassine (2007); Guillaume and Sid Idris (2004); Hassine et al. (2007);
Hassine and Masmoudi (2004); Masmoudi (2002); Sokolowski and Zochowski (1999). The
optimal domain is constructed through the insertion of some obstacles in the initial one. The
problem leads to optimize the obstacles location. The main idea is to compute the topological
asymptotic expansion of a cost function j with respect to the insertion of a small obstacle inside
the fluid flow domain. The obstacle is modeled as a small hole Oz,ε around a point z having
an homogeneous condition on the boundary ∂Oz,ε. The best location z of Oz,ε is given by the
most negative value of a scalar function δj, called the topological gradient.
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In practice, this approach leads to a simple, fast and accurate topological optimization
algorithm. The final domain is obtained using an iterative process building a sequence of
geometries (Ωk)k starting with the initial fluid flow domain Ω0 = Ω. Knowing Ωk, the new
domain Ωk+1 is obtained by inserting an obstacle Ok in the domain Ωk; Ωk+1 = Ωk\Ok. The
location and the shape of Ok are defined by a level set curve of the topological gradient δjk

Ok = {x ∈ Ωk, such that δjk(x) ≤ ck} ,
where ck is a scalar parameter used to control the size of the inserted obstacle. The function
δjk is the leading term of the variation j(Ωk\Oz,ε)− j(Ωk).
The chapter is organized as follows. In the next section, we present the topological
optimization problem related to the Stokes system. The aim is to determine the fluid flow
domain minimizing a given cost function. To solve this optimization problem we will use the
topological sensitivity analysis method described in the Section 3. It consists in studying the
variation of a cost function j with respect to a topology modification of the domain. The most
simple way of modifying the topology consists in creating a small hole in the domain. In the
case of structural shape optimization, creating a hole means simply removing some material.
In the case of fluid dynamics where the domain represents the fluid, creating a hole means
inserting a small obstacle O. The topological sensitivity tools which have been developed by
several authors Garreau et al. (2001); Schumacher (1995); Sokolowski and Zochowski (1999)
allow to find the place where creating a small hole will bring the best improvement of the cost
function. The main theoretical results are described in Sections 3.2 and 3.3. In section 3.2, we
derive an asymptotic expansion for an arbitrary cost function with respect to the insertion of a
small obstacle inside the fluid flow domain. In section 3.3, we derive an asymptotic expansion
for two standard examples of cost functions.
As application of the proposed topological optimization method, we consider in Section 4
some engineering applications commonly found in the fluid mechanics literature. In Section
4.1, we present the optimization algorithm. In Section 4.2, we treat the shape optimization of
pipes in a cavity. The aim is to determine the optimal shape of the pipes that connect the inlet
to the outlets of the cavity minimizing the dissipated power in the fluid. The optimization of
injectors location in an eutrophized lake is discussed in Section 4.3. Section 4.4 concerns the
approximation of a wanted flow using a topological perturbation of the domain.

2. Topological optimization problem

Let Ω be a bounded domain of Rd, d = 2, 3 with smooth boundary Γ. We consider an
incompressible fluid flow in Ω described by the Stokes equations. The velocity field u and
the pressure p satisty the system⎧⎪⎪⎪⎨

⎪⎪⎪⎩
−ν Δu +∇p = F in Ω

div u = 0 in Ω

u = 0 on Γ,

(1)

where ν denotes the kinematic viscosity of the fluid, F is a given body force per unit of mass
(gravitational force).
The aim is to determine the optimal geometry of the fluid flow domain minimizing a given
design function j:

min
D∈Dad

j(D), such that |D| ≤ Vdesired,
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where j has the form
j(D) = J(uD),

with uD is the velocity field solution to the Stokes system in D and Dad is a given set of
admissible domains.
Here |D| is the Lebesgue measure of D and Vdesired denotes the target volume (weight).
To solve this shape optimization problem we shall use the topological sensitivity analysis
method. It consists in studying the variation of the objective function J with respect to a small
topological perturbation of the domain Ω.

2.1 Stokes equations in the perturbed domain
We denote by Ω\Oε the perturbed domain, obtained by inserting a small obstacleOε in Ω. We
suppose that the obstacle has the form Oε = x0 + εO, where x0 ∈ Ω, ε > 0 and O is a given
fixed and bounded domain of IRd, containing the origin, whose boundary ∂O is connected
and piecewise of class C1.
In Ω\Oε, the velocity uε and the pressure pε are solution to⎧⎪⎪⎨

⎪⎪⎩
−νΔuε +∇pε = F in Ω\Oε

div uε = 0 in Ω\Oε

uε = 0 on Γ
uε = 0 on ∂Oε.

(2)

Note that for ε = 0, Ω0 = Ω and (u0 , p0) is solution to⎧⎨
⎩
−νΔu0 +∇p0 = F in Ω,

div u0 = 0 in Ω,
u0 = 0 on Γ.

(3)

2.2 Topological optimization problem
Consider now a design function j of the form

j(Ω\Oε) = Jε(uε), (4)

where Jε is a given cost function defined on H1(Ω\Oε)d for ε ≥ 0 and uε is the velocity field
solution to the Stokes system (2).
Our aim is to determine the optimal location of the obstacle Oε in the domain Ω in order
to minimize the design function j. Then, the optimization problem we consider is given as
follows:

min
Oε⊂Ω

j(Ω\Oε). (5)

To this end, we will derive in the next section a topological asymptotic expansion of the
function j with respect to ε.

3. Topological sensitivity analysis

In this section we consider a topological sensitivity analysis for the Stokes equations. We
present a topological asymptotic expansion of a design function j with respect to the insertion
of a small obstacle Oε inside the domain Ω. The proposed approach is based on the following
general adjoint method.
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3.1 General adjoint method
Let (Vε)ε≥0 be a family of Hilbert spaces depending on the parameter ε, such that, ∀ε ≥
0 Vε ↪→ V0. For ε ≥ 0, we consider
• Aε : Vε × Vε −→ IR a bilinear, continuous and coercive form on Vε,
• lε : Vε −→ IR a linear and continuous form on Vε.
For all ε ≥ 0, we denote by uε the unique solution to the problem

Aε(uε, w) = lε(w), ∀w ∈ Vε. (6)

Consider now a cost function of the form j(ε) = Jε(uε), where Jε is defined on Vε for ε ≥ 0 and
J0 is differentiable with respect to u, its derivative being denoted by DJ0(u).
Our aim is to derive an asymptotic expansion of j with respect to ε. We consider the following
assumptions.

Hypothesis 3.1. There exist a real number δA and a scalar function f : IR+ −→ IR+ such that
∀ ε ≥ 0

A0(u0 − uε, v0) = f (ε)δA+ o( f (ε)),
lim
ε→0

f (ε) = 0,

where v0 ∈ V0 is the solution to the adjoint problem

A0(w, v0) = −DJ0(u0)w, ∀w ∈ V0. (7)

Hypothesis 3.2. There exists a real number δJ such that ∀ ε ≥ 0

Jε(uε)− J0(u0) = DJ0(u0)(uε − u0) + f (ε)δJ + o( f (ε)).

Under the assumptions 3.1 and 3.2, we have the following theorem.

Theorem 3.1. Hassine et al. (2008) If the assumptions 3.1 and 3.2 hold, the function j has the following
asymptotic expansion

j(ε) = j(0) + f (ε)
(

δA+ δJ
)
+ o( f (ε)).

3.2 Topological sensitivity for the Stokes problem
In this section, we derive a topological asymptotic expansion for the Stokes equations. In
order to apply the adjoint method described in the previous paragraph, first we establish a
variational problem associated to the Stokes system. From the weak variational formulation
of (2), we deduce that uε ∈ Vε is solution to

Aε(uε,w) = lε(w), ∀w ∈ Vε,

where the functional space Vε, the bilinear form Aε and the linear form lε are defined by

Vε =
{

w ∈ H1
0(Ωε), div w = 0 in Ωε

}
, (8)

Aε(v,w) = ν
∫

Ωε

∇v · ∇w dx, ∀u, v ∈ Vε, (9)

lε(w) =
∫

Ωε

F w dx, ∀w ∈ Vε, (10)
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where Ωε = Ω\Oε.
Next we have to distinguish the cases d = 2 and d = 3, because the fundamental solutions
to the Stokes equations in IR2 and IR3 have an essentially different asymptotic behaviour at
infinity.

3.2.1 The three dimensional case
Let (U, P) denote a solution to⎧⎪⎪⎨

⎪⎪⎩
−νΔU +∇P = 0 in IR3\O

div U = 0 in IR3\O
U −→ 0 at ∞
U = −u0(x0) on ∂O.

(11)

The existence of (U, P) is most easily established by representing it as a single layer potential
on ∂O (see Dautray and Lions (1987))

U(y) =
∫

∂O
E(y− x)η(x) ds(x), P(y) =

∫
∂O

Π(y− x)η(x) ds(x), y ∈ IR3\O

where (E, Π) is the fundamental solution of the Stokes equations

E(y) =
1

8πνr

(
I + ereT

r

)
, Π(y) =

y
4πr3

,

with r = ||y||, er = y/r and eT
r is the transposed vector of er. The function η ∈ H−1/2(∂O)3 is

the solution to the boundary integral equation,∫
∂O

E(y− x) η(x) ds(x) = −u0(x0), ∀y ∈ ∂O. (12)

One can observe that the function η is determined up to a function proportional to the normal,
hence it is unique in H−1/2(∂O)3/IRn.
We start the derivation of the topological asymptotic expansion with the following estimate
of the H1(Ωε) norm of uε(x) − u0(x) − U(x/ε). This estimate plays a crucial role in the
derivation of our topological asymptotic expansion. It describes the velocity perturbation
caused by the presence of the small obstacle Oε.

Proposition 3.1. Guillaume and Hassine (2007); Hassine et al. (2008) There exists c > 0,
independent on ε, such that for all ε > 0 we have

‖uε(x)− u0(x)−U(x/ε)‖1,Ωε
≤ c ε.

The following corollary follows from Proposition 3.1. It gives the behaviour of the velocity uε

when inserting an obstacle. The principal term of this perturbation is given by the function U,
solution to (11).

Corollary 3.1. We have

uε(x) = u0(x) + U(x/ε) + O(ε), x ∈ Ωε.

We are now ready to derive the topological asymptotic expansion of the cost function j. It
consists in computing the variation j(Ω\Oε) − j(Ω) when inserting a small obstacle inside
the domain. The leading term of this variation involves the function η, the solution to the
boundary integral equation (12). The main result is described by Theorem 3.2.
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Theorem 3.2. Guillaume and Hassine (2007); Hassine et al. (2008) If Hypothesis 3.1 holds, the
function j has the following asymptotic expansion

j(Ω\Oε) = j(Ω) + ε δj(x0) + o(ε).

where the topological gradient δj is given by

δj(x) =
(
−

∫
∂O

η(y) ds(y)
)
· v0(x) + δJ(x), x ∈ Ω.

If O is the unit ball centred at the origin, O = B(0, 1), the density η is given explicitly η(y) =

−3ν

2
u0(x0), ∀y ∈ ∂O.

Corollary 3.2. If O = B(0, 1), under the hypotheses of theorem 3.2, we have

j(Ω\Oε) = j(Ω) + ε
[
6πν u0(x0) · v0(x0) + δJ(x0)

]
+ o(ε).

3.2.2 The two dimensional case
In this paragraph, we present the topological asymptotic expansion for the Stokes equations
in the two dimensional case. The result is obtained using the same technique described in
the previous paragraph. The unique difference comes from the expression of the fundamental
solution of the Stokes equations. In this case (E, Π) is given by

E(y) =
1

4πν

(
− log(r)I + ereT

r

)
, Π(y) =

y
2πr2

.

Theorem 3.3. Guillaume and Hassine (2007); Hassine et al. (2008) Under the same hypotheses of
theorem 3.2, the function j has the following asymptotic expansion

j(Ω\Oε) = j(Ω) +
−1

log(ε)
δj(x0) + o

( −1
log(ε)

)
.

where the topological gradient δj is given by

δj(x) = 4πν u0(x) · v0(x) + δJ(x), x ∈ Ω.

3.3 Cost function examples
We now discuss Assumption 3.2. We present two standard examples of cost functions
satisfying this Assumption and we calculate their variations δJ. For the proofs one can see
Guillaume and Hassine (2007) or Hassine et al. (2008).

Proposition 3.2. Let wd ∈ H1(Ω) be a given wanted (objective) velocity field. The cost function

Jε(u) =
∫

Ω\Oε

|u− wd|2 dx, (13)

satisfies the assumption 3.1 with

DJ0(w) = 2
∫

Ω
(u0 − wd) · w dx, ∀w ∈ V0, and δJ(x0) = 0.
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Proposition 3.3. Let wd ∈ H2(Ω). The cost function

Jε(u) = ν
∫

Ω\Oε

|∇u−∇wd|2 dx, (14)

satisfies the assumption 3.1 with

DJ0(w) = 2
∫

Ω
∇(u0 − wd) · ∇w dx ∀w ∈ V0,

δJ(x0) =

{(
−

∫
∂O

η(y) ds(y)
)
· u0(x0) if d = 3,

4πν|u0(x0)|2 if d = 2.

For d=3, if O is the unit ball B(0, 1), we have δJ = 6πν|u0(x0)|2.

4. Numerical experiments

As an application of the previous theoretical results, we consider some engineering
applications commonly found in the fluid mechanics literature. Our implementation is based
on the following optimization algorithm.

4.1 The optimization algorithm
We apply an iterative process to build a sequence of geometries (Ωk)k≥0 with Ω0 = Ω. At the
kth iteration the topological gradient is denoted by δjk and the new geometry Ωk+1 is obtained
by inserting an obstacle Ok in the domain Ωk; Ωk+1 = Ωk\Ok. The location and the size of
the obstacle Ok are chosen in such a way that j(Ωk+1)− j(Ωk) is negative.
Based on the last remark, the obstacle Ok is defined by a level set curve of the topological
gradient δjk

Ok =
{

x ∈ Ωk, such that δjk(x) ≤ ck ≤ 0
}
,

where ck is chosen in such a way that |Ok|/|Ωk| is less than a given ratio δ ∈]0, 1[.
The algorithm : Topology optimization with volume constraint.
• Initialization: choose Ω0 = Ω, and set k = 0.
• Repeat until |Ωk| ≤ Vdesired :

- compute uk the solution to the Stokes equations (15) in Ωk,

- compute vk the solution to the associated adjoint problem (16) in Ωk ,

- compute the topological sensitivity δjk(z), ∀z ∈ Ωk,

- determine Ωk+1 = Ωk\Ok, where Ok =
{

x ∈ Ωk, such that δjk(x) ≤ ck ≤ 0
}
,

- k ←− k + 1.

The topological gradient δjk is defined by

δjk(z) = uk(z) · vk(z) + δJk(z), ∀z ∈ Ωk,

where uk is the velocity field solution to{−ν Δuk +∇pk = F in Ωk
div uk = 0 in Ωk,

(15)
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and vk is the solution to the associated adjoint problem{−ν Δvk +∇qk = −DJ(uk) in Ωk
div vk = 0 in Ωk.

(16)

The discretization of the problems (15) and (16) is based on the mixed finite element method
P1+ bubble/P1 Arnold et al. (1984). The function δjk is computed piecewise constant over
elements. The term δJk is the variation of the considered cost function J (see Propositions 3.2
and 3.3). The constant ck determines the volume of the obstacle Ok to be inserted. In practice,
ck is chosen in such a way that:

i- Ok ⊂
{

x ∈ Ωk, such that δjk(x) ≤ 0
}
,

ii- the obstacle volume |Ok| is less or equal to 10% of the current domain volume |Ωk| i.e.
|Ok|/|Ωk| ≤ 0.1.
This algorithm can be seen as a descent method where the descent direction is determined by
the topological sensitivity δjk and the step length is given by the volume variation |Ωk\Ωk+1|.

4.2 Pipes shape optimization
We consider a viscous and incompressible fluid in a tank Ω having one inlet Γin and some
outlets Γi

out, 1 ≤ i ≤ m. The aim is to determine the optimal design of the pipes that connects
the inlet to the outlet of the domain minimizing the dissipated power in the fluid.

4.2.1 Comparison
In order to test the advantage of our approach, we compare our results to those obtained in
Borrvall and Petersson (2003); Glowinski and Pironneau (1975). We consider two numerical
examples in two dimensional (2D) case. The first one is the pipe bend example presented in
Figure 1. This test case is treated by Borrvall and Petersson in Borrvall and Petersson (2003).
The second one is the double pipe shown in Figure 2. It is also considered by Borrvall and
Petersson in Borrvall and Petersson (2003) and recently by Guest and Prévost in Glowinski
and Pironneau (1975). The aim here is to obtain the optimal shape minimizing the dissipated
power in the fluid.
The considered design function is given by

j(D) = ν
∫

D
|∇uD|2 dx,

where uD is the solution to the Stokes system in D.
The optimization problem consists in finding the fluid flow domain solution to

min
D∈Dad

j(D) , such that |D| ≤ Vdesired

where Dad is the set of admissible domains defined by

Dad = {D ⊂ Ω such that Γin ⊂ ∂Ω ∩ ∂D and Γi
out ⊂ ∂Ω ∩ ∂D}.

In both cases the inflow and the outflow conditions are given by a parabolic flow profile type
with a maximum flow velocity equal to 1. Elsewhere the velocity is prescribed to be zero on
the boundary of the domain.
A- Test 1 : 2D pipe bend example. We consider a cavity Ω =]0, 1[×]0, 1[ having one inlet (left)
and one outlet (bottom) (see figure 1(a)).

216 Advanced Methods for Practical Applications in Fluid Mechanics



Topology Optimization of Fluid Mechanics Problems 9

1

1

0.2
0.2

0.2

0.2

(a) The initial domain (b) The obtained domain (c) The velocity field

INRIA-MO

ODULEF

INRIA-MO

ODULEF

Fig. 1. 2D pipe bend example.

The cavity Ω is discretized using a finite elements mesh with 6561 nodes and 12800 triangular
elements. The results of this example are presented in figure 1. The obtained pipe geometry
is described in figure 1(b). It is computed using Vdesired = 0.08π |Ω|. The prescribed volume
constraint is chosen so that the optimal solution has the same volume as a quarter torus of
inner radius 0.7 and outer radius 0.9 that exactly fits to the inlet and outlet. In figure 1(c) we
present the velocity field computed in the final domain.
The obtained solution is nearly identical to those presented in Borrvall and Petersson Borrvall
and Petersson (2003). However, we obtain this result in 14 iterations, where Borrvall and
Petersson needed more than sixty. As it can be seen, we have a more torus shaped pipe than
in Borrvall and Petersson (2003), like most pipe bends in fluid mechanics literature. As it
is stated in Glowinski and Pironneau (1975), the solution in Borrvall and Petersson Borrvall
and Petersson (2003) contains regions of artificial material and does not sufficiently take into
account the adherence condition.
B- Test 2: 2D double pipe example. The initial domain of this example is shown in Figure 2(a).
It is the rectangular Ω =]0, 3/2[×]0, 1[ with two inlets and two outlets.

1/6

1/6

1/4

1/4

1

δ

(a) The initial domain (b) The obtained domain

Fig. 2. The initial and the optimal domains for the 2D double pipe example.

The cavity Ω is discretized using a finite elements mesh with 9801 nodes and 19200 triangular
elements. The results of this example are presented in figure 2. The final geometry is

computed with Vdesired =
1
3
|Ω|.
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We present in figure 2(b) the obtained geometry. The final geometry is obtained in only 12
iterations, where Borrvall and Petersson neededmore than sixty. We remark that the two pipes
join to form a single, wider pipe through the center of the domain. This design decreases the
length of the fluid-solid interface by decreasing the power lost. As it can be seen, the optimal
solution is identical to that obtained by Guest and Prévost Glowinski and Pironneau (1975),
but it does not match that of Borrvall and Petersson Borrvall and Petersson (2003). As for the
pipe bend example, the solution in Borrvall and Petersson (2003) contains regions of artificial
material and does not sufficiently take into account the adherence condition.

4.2.2 Three dimensional case
In this section we propose an extension of the two 2D examples considered in the last section
to the three dimensional case.
A- Example 1 : 3D pipe bend example. For the 3D pipe bend example, the initial domain is the
unit cube Ω =]0, 1[×]0, 1[×]0, 1[ having one inlet and one outlet (see figure 3). The inlet Γin
(left) and the outlet Γout (bottom) are described by the following discs

Γin = B(zin, 0.1) ∩ {0}×]0, 1[×]0, 1[, and Γout = B(zout, 0.1)∩]0, 1[×]0, 1[×{0},
where B(zβ, 0.1), β = in, out, is the ball of center z and radius 0.1, with zin = (0, 0.5, 0.8) and
zout = (0.8, 0.5, 0).

inΓ

Γout

Fig. 3. The initial domain

For the boundary conditions, we consider a parabolic flow profile type with a maximum flow
velocity equal to 1 on Γin and Γout, and a velocity equal to zero elsewhere. The domain is
discretized using 29791 nodes and 162000 tetrahedral elements.
Like in the 2D case, we aim to determine the optimal design of the pipe that connects the inlet
to the outlet of the domain and minimizes the dissipated power in the fluid. We present in
figure 4 the optimal pipe domains obtained for different volume constraint Vdesired choices.
The first case (figure 4(a)), corresponding to Vdesired = 0.50 |Ω|, is obtained after 7 iterations,
the second one (figure 4(b)) after 11 iterations for Vdesired = 0.35 |Ω| and the last one (figure
4(b)) needs 16 iterations to reach Vdesired = 0.20 |Ω|. We show in figure 5 a 2D cut of the
velocity field corresponding to the three obtained domains.
B- Example 2 : 3D double pipe bend example. The initial domain is the cavity Ω =
]0, 3/2[×]0, 1[×]0, 1[ (described in figure 6). It has two inlets (left) Γi

in, i=1,2, and two outlets
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(a) Vdesired = 0.50 |Ω|. (b) Vdesired = 0.35 |Ω|. (c) Vdesired = 0.20 |Ω|.

Fig. 4. The obtained domains (see Abdelwahed, Hassine and Masmoudi (2009)).

Case (a) Case (b) Case (c)

Fig. 5. 2D vertical cut of the velocity field in the obtained domains.

(right) Γi
out, i=1,2 defined by

Γ1
in = B(z1in, 0.1) ∩ {0}×]0, 1[×]0, 1[, Γ2

in = B(z2in, 0.1) ∩ {0}×]0, 1[×]0, 1[,
Γ1

out = B(z1out, 0.1) ∩ {3/2}×]0, 1[×]0, 1[, Γ2
out = B(z2out, 0.1) ∩ {3/2}×]0, 1[×]0, 1[,

where

z1in = (0, 1/2, 1/4), z2in = (0, 1/2, 3/4), z1out = (3/2, 1/2, 1/4), and z2out = (3/2, 1/2, 3/4)

For the boundary conditions, as in the last example, we consider a parabolic flow profile type
with a maximum flow velocity equal to 1 on Γi

in and on Γi
out, and a velocity equal to zero

elsewhere. We use a mesh with 160602 nodes and 895900 tetrahedral elements.
We present in figure 7 the optimal shape design obtained respectively for Vdesired = 0.40 |Ω| (9
iterations) and Vdesired = 0.10 |Ω| (21 iterations). A vertical cut of the corresponding velocity
field is shown in figure 8.

4.2.3 Shape optimization of tubes in a 3D cavity
In this section we treat the shape optimization of tubes in a cavity. We consider an
incompressible fluid in a cavity Ω having one inlet Γin and four outlets Γi

out, i = 1, 4. The
aim here is to determine the optimal shape of the tubes that connect the inlet to the outlets of
the cavity maximizing the outflow rate. It consists in inserting small obstacles in the cavity in
order to maximize the outflow rate at Γi

out, i = 1, 4.
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Γ

Γin

Γin
1

2 Γout

out

1

1

2

1/6

1/6

1.5

Fig. 6. The initial domain

(a) Vdesired = 0.40 |Ω|. (b) Vdesired = 0.10 |Ω|.

Fig. 7. The optimal domains (see Abdelwahed, Hassine and Masmoudi (2009)).

Fig. 8. 2D vertical cut of the velocity isovalues and field in the optimal domains.

In our numerical computation, we have used the cavity Ω =]0, 1[×]0, 1[×]0, 1[ with the inlet
Γin:
Γin =

{
(x, y, z) ∈ Ω such that x2 + (y− 0.5)2 + (z− 0.5)2 ≤ 0.04

}
and the four outlets Γ1

out, Γ2
out, Γ3

out and Γ4
out:

Γ1
out =

{
(x, y, z) ∈ Ω such that (x− 0.75)2 + (y− 0.5)2 + z2 ≤ 0.0025

}
,

Γ2
out =

{
(x, y, z) ∈ Ω such that (x− 0.75)2 + (y− 0.5)2 + (z− 1)2 ≤ 0.0025

}
,

Γ3
out =

{
(x, y, z) ∈ Ω such that (x− 0.75)2 + y2 + (z− 0.5)2 ≤ 0.0025

}
,

Γ4
out =

{
(x, y, z) ∈ Ω such that (x− 0.75)2 + (y− 1)2 + (z− 0.5)2 ≤ 0.0025

}
.

The considered cost function measuring the outflow rate is given by

j(D) =
m

∑
i=1

∫
Γi

out

|uD.n| ds,
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where D ∈ Dad and uD is the velocity field, solution to the Stokes equations in D satisfying
the following boundary conditions :

- A free surface boundary condition on the outlets

σ(u) · n = 0 on ∪m
i=1 Γi

out,

where σ(u) = ν(∇u +∇uT)− pI, I is the 3× 3 identity matrix and n denotes the outward
normal to the boundary.

- The normal component of the stress tensor is prescribed on the inlet Γin

σ(u) · n = g on Γin,

- The velocity is equal to zero on Γ\(∪m
i=1Γi

out ∪ Γin).

Γ

Γ 1

2

Γin

out

out

Γout

3

Γout
4

Fig. 9. The initial domain.

The results of this example are described in figures 10-13. In figure 10 we present the obtained
geometries for different volume constraints. We present the obtained geometry: in figure10(a)
for Vdesired = 0.35 |Ω|, in figure10(b) for Vdesired = 0.25 |Ω| and in figure10(b) for Vdesired =
0.15 |Ω|. This domains are obtained respectively after 10, 14 and 19 iterations. The associated
velocities fields are given in figures 11 and 12. In figure 13 we illustrate the variation of the
outflow rate.

(a) Vdesired = 0.35 |Ω|. (b) Vdesired = 0.25 |Ω|. (c) Vdesired = 0.15 |Ω|.

Fig. 10. The optimal domains (see Abdelwahed, Hassine and Masmoudi (2009)).
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Case (a) Case (b) Case (c)

Fig. 11. 2D vertical cut of the velocity field.

(a) (b) (c)

Fig. 12. 2D horizontal cut of the velocity field.
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Fig. 13. Variation of the outflow rate

4.3 Optimization of injectors location in an eutrophic lake
Eutrophication is a complex phenomena involving many physico-chemical parameters.
Specifically in some climatic areas, the thermic factors combined to the biological and to the
biochemical ones are dominant in the behavior of the aquatic ecosystems. Consequently, they
generate important bio-climatology variations creating in lakes an unsteady dynamic process
that decreases progressively water quality. Practically, the eutrophication in a water basin is
characterized mainly by a poor dissolved oxygen concentration in water. Furthermore, this
phenomena is accompanied by a stratification process dividing the water volume, during a
large period of the year, into three distinct layers as depicted in Figure 14.
Three zones constitute this stratification:
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Fig. 14. (a): Structure of a stratified lake, (b): average temperature curve during summer

i) at the top, the epilimnion, a layer of around 7 m depth, well mixed by the effect of drafting
wind and consequently well aerated,

ii) in the middle, the thermocline, a zone with a quick decrease of temperature (27 oC to
18 oC) and of 5 m depth. This area is weakly affected by the wind action and consequently
a medium concentration of oxygen is observed,

iii) at the bottom, the hypolimnion, a deeper layer beyond 12m, having a temperature varying
from 18 oC to 14 oC. This region is characterized by a low concentration of oxygen and a
high concentration of toxic gas (H2S, ammoniac, carbonic gas, etc.)

The dynamic aeration process seems to be the most promising remedial technique to treat
water eutrophication. This technique consists in inserting air by the means of injectors located
at the bottom of the lake in order to generate a vertical motion mixing up the water of the
bottom with that in the top, thus oxygenating the lower part by bringing it in contact with the
surface air.
Theoretically, the bubble flow is a multi-phase flow where the presence of free interfaces
raises difficulties in both the physical and mathematical modelling. Hence, to obtain a
physical and significant resolution by numerical simulation of the air injection phenomena
in an eutrophised lake, one should consider a two-phase model: water-air bubble (see Ishii
Ishii (1975)). This kind of modelling involves large systems of PDE’s and variables in a
multi-scale frame as well as closure conditions through turbulencemodel and phases interface
interaction. Moreover, the domain mesh size should be “small” in order to capture the
significant variations of the spectrum. Therefore, the computational cost should be also
addressed.
For all these reasons, we consider here, as a first approximation, only the liquid phase, which
is the dominant one. The flow is described by a simplified model based on incompressible
Stokes equations. The injected air is taken into account through local boundary conditions
for the velocity on the injectors holes. In order to generate the best motion in the fluid with
respect to the aeration purpose, the topological sensitivity analysis method is used to optimize
the injectors location.

4.3.1 Optimization problem
In this section, we use the topological sensitivity analysis method to optimize the injector
locations in the lake Ω in order to generate the best motion in the fluid with respect to the
aeration purpose.
To this end, each injector Injk is modeled as a small hole Bzk ,ε = zk + εBk, 1 ≤ k ≤ m having
an injection velocity uk

inj, where ε is the shared diameter and Bk ⊂ IRd are bounded and
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smooth domains containing the origin. The points zk ∈ Ω, 1 ≤ k ≤ m determine the location
of the injectors.
Then, in the presence of injectors, the velocity uε and the pressure pε satisfy the following
system ⎧⎪⎪⎨

⎪⎪⎩
−νΔuε +∇pε = F in Ω\∪m

k=1Bzk ,ε
div uε = 0 in Ω\∪m

k=1Bzk ,ε
uε = ud on Γ
uε = uk

inj on ∪m
k=1 ∂Bzk ,ε,

(17)

where uk
inj is a given injection velocity on ∂Bzk ,ε, 1 ≤ k ≤ m.

Ω Γ

Γs

w
b

Ωm

Fig. 15. The geometry of the lake.

Concerning the optimization criteria, we assume that a “good” lake oxygenation can be
described by a target velocity Ug. Then, the cost function Jε to be minimized is defined by

Jε(uε) =
∫

Ωm

|uε − Ug|2 dx, (18)

where Ωm ⊂ Ω is the measurement domain (the top layer, see Figure 15).
Consider the design function j of the form

j(Ω\ ∪m
k=1 Bzk ,ε) = Jε(uε), (19)

Our identification problem can be formulated as a topological optimization problem one. It
consists in finding the optimal location of the holes Bzk ,ε = zk + εBk, 1 ≤ k ≤ m, inside the
domain Ω in order to minimize the optimal design function j.

(Oε)

{
Find z∗k ∈ Ω, 1 ≤ k ≤ m, such that :
j(Ω\ ∪m

k=1 Bz∗k ,ε) = min
Bzk ,ε⊂Ω

j(Ω\ ∪m
k=1 Bzk ,ε).

To solve this optimization problem (Oε) we have used the topological sensitivity analysis
method. It consists in studying the variation of the design function j with respect to the
presence of a small injector Bz,ε = z + εB in the lake Ω.

4.3.2 Numerical results
We propose an adaptation of the previous algorithm to our context. At the kth iteration, the
topological gradient δjk is given by

δjk(z) =
(

uk(x)− uinj

)
· vk(x), ∀z ∈ Ωk (20)

where uk and vk are, respectively, solutions to the direct and adjoint problems in Ωk.
We consider the set {x ∈ Ωk; δjk(x) < ck+1}. Each connected component of this set is a hole
created by the algorithm. Our idea is to replace each hole by an injector located at the local
minimum of δjk(x). The obtained results are described in figures 16 and 17.
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The desired flow Ug.

The initial velocity field The obtained velocity field

Fig. 16. Numerical results in 2D (for more details one can see Hassine and Masmoudi (2004)).

The desired flow Ug.

The initial velocity field. The obtained velocity field

Fig. 17. Numerical results in 3D (see Abdelwahed, Hassine and Masmoudi (2009)).

4.4 Geometrical control of fluid flow
We consider a tank Ω filled with a viscous and incompressible fluid. The aim is to determine
the optimal shape of the fluid flow domain minimizing a given objective function.

4.4.1 Approximation of a desired flow
The aim is to determine the optimal shape O∗ ⊂ Ω of the fluid flow domain such that the
velocity uO∗ , solution to the Stokes equations in O∗, approximate a desired flow wd defined
in a fixed domain Ωm. The optimal shape O∗ can be characterized as the solution to the
following topological optimization problem

min
D⊂Ω

∫
Ωm

|uD − wd|2dx,

where uD is the solution to the Stokes equations in D ⊂ Ω. This test is treated in two and three
dimensional cases. In 2D, the tank Ω = [0, 1.5]× [0, 1], the domain Ωm = [0, 1.5]× [0.8, 1] and
the velocity field wd is defined by

wd =

{
(1, 0) in Ωm,
(0, 0) elsewhere .
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The numerical results are described in Figure 18. A 3D extension of this case is presented in
Figure 19.

Γin Γout

Ωm
target flow

dw

u= (0,0)

u= (0,0)

u= (0,0)

(1,0)u=(1,0)u=

u.n=0

(a) The initial geometry Ω (b) The velocity field in the
initial domain

(c) The optimal domain is obtained
in only 3 iterations

(d) The velocity field in the ob-
tained domain

Fig. 18. Approximation of a desired flow: 2D case

4.4.2 Maximizing velocity in a fixed zone
Here the aim is to maximize the fluid flow velocity in Ωm = ∪kΩk

m ⊂ Ω (fixed zones)
using a topological perturbation of the domain. The optimal domain of the fluid flow can
be characterized as a solution to the following problem

max
O⊂Ω

∫
Ωm

|uO|2dx,

where uO is the solution to the Stokes equations in O.
Two 3D test cases are considered. The first case is described in Figure 20. The inflow Γin and
the outflow Γout (see Figure 20(a)) are defined by
Γin = [0, 1.5]× 0× [0.4, 0.6], Γout = [0, 1.5]× 0× [0.4, 0.6].
The domain Ωm = Ω1

m ∪Ω2
m, with Ω1

m = [0, 1.5]× [0, 1]× [0.9, 1] and Ω2
m = [0, 1.5]× [0, 1]×

[0, 0.1].
The optimal domain (see Figure 20(c)) is obtained in four iterations.
The second case is described in Figure 21. Here we have used the same 3D tank considered in
the last case but with different Γin, Γout and Ωm (see Figure 21(a)). The optimal domain (see
Figure 21(c)) is obtained in five iterations.
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mΩ

Γ Γin out

u.n=0

u=(1,0,0)

u=(0,0,0)
u=(0,0,0)

u=(1,0,0)

u=(0,0,0)

(a) The initial geometry (b) The velocity field in the ini-
tial domain

(c) The optimal domain is obtained in
only 4 iterations

(d) The velocity field in the ob-
tained domain

Fig. 19. Approximation of a desired flow: 3D case

u=(0,0,0)

u=(0,0,0)

outΓ

u=(1,0,0)

Γin

u=(1,0,0)

u=(0,0,0)

u=(0,0,0)

Ω
m
1

Ω
m

2

(a) The initial geometry (b) Cut of the initial velocity

(c) The optimal domain (d) 2D cuts of the optimal velocity

Fig. 20. Maximizing velocity in a fixed zone: first case (see Abdelwahed and Hassine (2009))
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(a) The initial geometry (b) The optimal geometry

(c) Vertical cut of the velocity in the
obtained domain

(d) Horizontal cut of velocity in the
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Fig. 21. Maximizing velocity in a fixed zone: second case (see Abdelwahed and Hassine
(2009))

5. Conclusion

In this chapter we have proposed an accurate and fast topological optimization algorithm.
The optimal domain is obtained iteratively by inserting some obstacles at each iteration. The
location and size of the obstacles are described by a scalar function called the topological
gradient. The topological gradient is derived as the leading term of the cost function variation
with respect to the insertion of a small obstacle in the fluid flow domain.
The proposed method has two main features. The first one concerns its mathematical
framework. The topological sensitivity analysis can be adapted for various operators like
elasticity, Helmholtz, Maxwell, Navier Stokes, ...
The second interesting feature of the approach is that it leads to a fast and accurate numerical
algorithm. Only a few iterations are needed to construct the final domain. It is easy to be
implemented and can be used for many applications. At each iteration we only need to solve
the direct and the adjoint problems on a fixed grid.
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